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V 



Abstract 



We consider the geodesic flow on orbifolds of the form T\H, where H is 
the hyperbolic plane and T is a discrete subgroup of PSL(2,R). For a huge class 
of such groups T (including some non-arithmetic groups like, e.g., Hecke triangle 
groups) we provide a uniform and explicit construction of cross sections for the 
geodesic flow such that for each cross section the associated discrete dynamical 
system is conjugate to a discrete dynamical system on a subset of K x K. There 
is a natural labeling of the cross section by the elements of a certain finite set L 
of r. The coding sequences of the arising symbolic dynamics can be reconstructed 
from the endpoints of associated geodesies. The discrete dynamical system (and 
the generating function for the symbolic dynamics) is of continued fraction type. In 
turn, each of the associated transfer operators has a particularly simple structure: 
it is a finite sum of a certain action of the elements of L. 
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CHAPTER 1 



Introduction 

Symbolic dynamics is the subficld of dynamical systems which is concerned with 
the construction and investigation of discretizations in space and time and symbolic 
representations of flows on locally symmetric spaces, or more generally, on orbifolds, 
and conversely, with finding a geometric interpretation of a given discrete dynamical 
system. The idea of symbolic dynamics goes back to work of Hadamard [Had98] 
in 1898. In the following fourty years, this idea was developed by Artin [Art24], 
Martin [Mar34], Myrberg [Myr31], Nielsen [Nie27], Robbins [Rob37], Morse 
and Hedlund [MH38] (among others). Since then symbolic dynamics evolved into 
a rapidly growing field with manifold influence and applications to other fields in 
mathematics as well as to physics, computer science and engineering. 

A relatively recent relation between classical and quantum physics is provided 
by the combination of the work of Series [Ser85], Mayer [May91], and Lewis 
and Zagier [LZ01], which we will describe in the following. Suppose that H de- 
notes the hyperbolic plane and consider the geodesic flow on the modular surface 
PSL(2,Z)\iZ. Series [Ser85] geometrically constructed an amazingly simple cross 
section 1 for this flow. Its associated discrete dynamical system is naturally related 
to a symbolic dynamics on K. The Gaufi map is a generating function for the fu- 
ture part of this symbolic dynamics. In [May91], Mayer investigated the transfer 
operator 2 Cp with parameter (3 of the Gaufi map. His work and that of Lewis and 
Zagier [LZ01] have shown that there is an isomorphism between the space of Maass 
cusp forms for PSL(2,Z) with eigenvalue (3(1 — 0) and the space of real-analytic 
cigenfunctions of Cp that have eigenvalue ±1 and satisfy certain growth conditions. 
A major step in the proof of this isomorphism is to show that these eigenfunctions 
of C/3 satisfy the Lewis equation 

/(x) = /(x+l) + (a ; + l)-^/(^ T ), 

more precisely, that they are period functions. Then Lewis and Zagier establish 
an (explicit) isomorphism between the space of Maass cusp forms and the space 
of period functions. In the language of quantum physics, Maass cusp forms are 
cigenstates of the Schrodinger operator for a free particle moving on the modular 
surface. 

Recently, Bruggeman, Lewis and Zagier [BLZ] proved a correspondence be- 
tween parabolic cohomology and Maass cusp forms for general discrete subgroups 
of PSL(2,IR). However, to date, a complete generalization of the Lewis-Zagier iso- 
morphism is published only for finite index subgroups of the modular group (see 
[DH07]). Chang provides symbolic dynamics for these groups and discusses the 
arising transfer operators in his dissertation [Cha04] (see also [CM01]). The 

lr The concepts from symbolic dynamics are explained in Sec. 3. 
2 The notion of transfer operator is introduced in Sec. 5. 
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1. INTRODUCTION 



symbolic dynamics for such a subgroup of PSL(2,Z) is given as a covering of the 
symbolic dynamics for PSL(2, Z). It seems reasonable to expect that there is an 
isomorphism, as in the case of the modular group, between certain spaces of eigen- 
functions of the transfer operator in [Cha04] and certain spaces of solutions of the 
functional equation used in [DH07]. 

A striking feature of the cross section in these examples is that the arising 
discrete dynamical system not only has a very simple structure but is also natu- 
rally conjugate to a discrete dynamical system of continued fraction type on the 
finite part K of the geodesic boundary of H . In other words, the discrete dynam- 
ical system on the boundary is locally given by the action of certain elements of 
PSL(2,Z) resp. the finite index subgroup. The existing examples suggest that, in 
order to achieve an extension of this kind of relation between the geodesic flow on 
the orbifold T\H and Maass cusp forms for T for a wider class of subgroups T of 
PSL(2, K), a cross section for the geodesic flow has to be constructed in a geometric 
way, and its associated discrete dynamical system has to be conjugate to a discrete 
dynamical system of continued fraction type on parts of the boundary of H. 

It turns out that both existing methods for the construction of cross sections 
and symbolic dynamics for the geodesic flow on the orbifold T\H are not well 
adapted for this task. The geometric coding consists in choosing a fundamental 
domain for r in H with side pairing and taking the sequences of sides cut by a 
geodesic as coding sequences. The cross section is a set of unit tangent vectors 
based at the boundary of the fundamental domain, more precisely, based at the 
image of this boundary under the canonical projection n: H — > T\H. In general, 
it is very difficult, if not impossible, to find a conjugate dynamical system on the 
geodesic boundary of H . In contrast, the arithmetic coding starts with a discrete 
dynamical system or symbolic dynamics related to T on parts of the boundary 
of H and asks for a cross section of the geodesic flow on T\H that reproduces 
this system. Usually, writing down such a cross section is a non-trivial task. For 
an arbitrary discrete dynamical system (even if of continued fraction type), the 
symbolic dynamics need not reflect the geometry of the geodesic flow. Moreover, 
arithmetic coding is a group-by-group analysis and not a uniform method. A good 
overview of geometric and arithmetic coding is the survey article [KU07]. 

In the article at hand we develop a method for the construction of cross sections 
which satisfy the demands mentioned above. This method can be applied to a 
large class of subgroups T of PSL(2, R) acting on H . More precisely, T has to be a 
geometrically finite subgroup of PSL(2, K) of which oo is a cuspidal point and which 
satisfies an additional condition concerning the structure of the set of isometric 
spheres of T. The cusps of T, in particular the cusp 7r(oo), play a particular role, 
for which reason we call our method "cusp expansion" . 

The starting point of this method is the set of isometric spheres of T, more 
precisely, a subset of "relevant" isometric spheres. Once one knows the relevant 
isometric spheres of T, each step in the construction is constructive and consists of 
a finite number of elementary operations. The cross section has a natural labeling 
by the elements of a certain finite subset L of T. The discrete dynamical system 
associated to the cross section is conjugate to a discrete dynamical system on a 
subset of i x R. The boundary discrete dynamical system is locally given by the 
action of the elements of L, and hence directly related to the symbolic dynamics 
arising from the natural labeling. In turn, the coding sequence of a geodesic on 
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T\H (more precisely, of a unit tangent vector in T\SH) can be reconstructed 
from the Midpoints of a corresponding geodesic on H without reconstructing this 
geodesic. Further, the transfer operator of the boundary discrete dynamical system 
is of a particularly simple structure: it is a finite sum of a certain action of the 
elements of L. The method is uniform for all admissible groups T. Some steps 
in the construction involve choices. To some extent these choices allow to control 
properties of the symbolic dynamics and the transfer operator. 

If r is the modular group PSL(2,Z), then the arising transfer operator, more 
precisely its future part, is the two-term operator 

C p f{x) = f{x + \) + {x + \)-^f{^) 

and therefore the functional equation 

f{x) = Cpf(x) 

is exactly the one used by Lewis and Zagier in their proof of the isomorphism 
between the space of Maass cusp forms for PSL(2,Z) and the space of period 
functions. The case of the modular group is worked out in Chapter 6. More general, 
as only recently proved ([MP]), the transfer operator for any Hecke triangle group 
gives rise to a Lewis type equation for this group. The space of 1-eigenfunctions 
of certain regularity of the transfer operator with parameter (3 is isomorphic to the 
parabolic cohomology space which corresponds by [BLZ] to the space of Maass 
cusp forms with eigenvalue (3(1-/3). 

For the congruence subgroups Tq(p), p a prime, the method of cusp expansion 
becomes considerably easier. For this class of sample groups, the method of cusp 
expansion is published in [HP08]. A more detailed description of cusp expansion 
is given in the introduction to Chapter 4. 

This article is structured as follows: In Chapter 3 we introduce the necessary 
notions and concepts from symbolic dynamics. The cusp expansion method for 
the construction of cross sections and symbolic dynamics is carefully expounded in 
Chapter 4. Chapter 5 briefly treats the transfer operators associated to the arising 
symbolic dynamics. Finally, in Chapter 6 we review the cross section constructed 
by Series and show how it is related to our construction. 



CHAPTER 2 



Preliminaries 

We take the upper half plane 

H := {z e C | Imz > 0} 

with the Ricmannian metric given by the line element ds 2 = y~ 2 (dx 2 + dy 2 ) as 
a model for two-dimensional real hyperbolic space. The associated Ricmannian 
metric will be denoted by dn- We identify the group of orientation-preserving 
isomctries with PSL(2, R) via the left action 

/ PSL(2,M) x H -> H 

1 ass).*) » m- 

One easily checks that the center of SL(2,R) is {±id}. Therefore PSL(2,R) is the 
quotient group 

PSL(2,R) = SL(2,R)/{±(i?)}. 

We denote an element of PSL(2,R) by any of its representatives in SL(2,R). The 
one-point compactification of the closure of H in C will be denoted by H 9 , hence 

H 9 = {z e C | Imz > 0} U {oo}. 

It is homcomorphic to the geodesic compactification of H. The action of PSL(2,R) 
extends continuously to the boundary d g H = K U {oo} of If in H 9 . 

The geodesies on H are the semicircles centered on the real line and the vertical 
lines. All geodesies shall be oriented and parametrized by arc length. For each 
element v of the unit tangent bundle SH there exists a unique geodesic j v on H 
such that 7^,(0) = v. We call j v the geodesic determined by v S SH. The (unit 
speed) geodesic flow on H is the dynamical system 

J Rx SH -> SH 
I (t,v) ^ iM 

Let r be a discrete subgroup of PSL(2,R). The orbit space 

Y := T\H 

is naturally equipped with the structure of a good Ricmannian orbifold. Since H is 
a symmetric space of rank one, we call Y a locally symmetric good orbifold of rank 
one. This notion is a natural extension of the notion of locally symmetric spaces of 
rank one. The orbifold Y inherits all geometric properties of H that are T-invariant. 
Vice versa, several geometric entities of Y can be understood as the T-equivalence 
class of the corresponding geometric entity on H. In particular, the geodesies on Y 
correspond to T-equivalence classes of geodesies on H, and the unit tangent bundle 
SY of Y is the orbit space of the induced T-action on the unit tangent bundle SH. 
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Let ir: H — > Y and 7r: S-ff — >■ SY denote the canonical projection maps. Then the 
geodesic flow on Y is given by 

$ := 7T o $ o (id XT!-" 1 ) : R x ST — » SY. 

Here, 7r _1 is an arbitrary section of tt. One easily sees that $ does not depend on 
the choice of n^ 1 . 

A subset J- of 77 is a fundamental region in H for T if and only if it satisfies 
the following properties: 
(Fl) The set T is open in H. 

(F2) The members of {gJ 7 | g £ T} are mutually disjoint. 
(F3) H = [j{ g y | g £ T}. 

If, in addition, J- is connected, then it is a fundamental domain for T in H. 

Since T is discrete, there exists a fundamental domain J 7 for T. The set T 
might touch d g H at some points. By touching a point z £ d g H we mean that there 
is a neighborhood U of 2 in the topology of such that the intersection of the 
closures in H 9 of all boundary components of jF that are intersected by U is z. In 
some cases one can characterize these points as fixed points of parabolic elements 
of r (see [Rat 06, Theorem 12.3.7]). Those points will play a special role in the 
cusp expansion. 

An element g £ T is called parabolic if g ^ id and | tr(g)| = 2, or equivalently, 
if g fixes exactly one point in d g H. An element z in d g H is a cuspidal point of T 
if r contains a parabolic element that stabilizes z. A cusp of T is a T-equivalence 
class of a cuspidal point of T. If J 7 is a fundamental domain for T such that J 7 is a 
convex fundamental polyhedron, then T touches d g H in at least one representative 
of each cusp (see [Rat06, Theorem 12.3.7, Corollary 2 of Theorem 12.3.5]). 

Because a convex fundamental polyhedron for V can (up to T-equivalent bound- 
ary points) be identified with Y , the following definition is natural. Let z be a 
cuspidal point of V and extend the projection 7r: H — > Y to it: H 9 — > T\H 9 . Then 
7r(z) is called a cusp ofY or also a cusp ofT. 

Let g = ( a c b d ) £ PSL(2,K)\PSL(2,K) 00 . For each z £ H we have 

= (cz + d) 2 ' 
The isometric sphere of g is defined as 

I(g) = {z£H\\g>(z)\ = l} 
= {z£H\\cz + d\= 1}. 



The set 

is its exterior, and 



cxt 1(g) = {z £ H I \cz + d\ > 1} 
hit 1(g) = {z£H\\cz + d\<l} 



is its interior. 

We let 1:=1U {±00} denote the two-point compactification of K and extend 
the ordering of R to R by the definition —00 < a < 00 for each ael. 

Let 7 be an interval in R. A geodesic arc is a curve a: I — > i7 that can be 
extended to a geodesic. In particular, each geodesic is a geodesic arc. A geodesic 
segment is the image of a geodesic arc. If a is a geodesic, then a(R) is called a 
complete geodesic segment. A geodesic segment is called non-trivial if it contains 
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more than one element. If a : I — > H is a geodesic arc and a < b are the boundary 
points of / in R, then the points 

a(a) := lima(t) G -ff 9 and := lima(i) G i? 9 

t— >a t— yb 

are called the endpoints of a and of the associated geodesic segment a(I). The 
geodesic segment a(I) is often denoted as 



a(I) 



[a(a), if a, 6 G I, 

\a(a),a(b)) if a G I, b g I, 

(a(a),a(b)} if a ^ /, b G 7, 

(a(a),a(6)) if a, & ^ J. 



If a(a),a(6) G it will always be made clear whether we refer to a geodesic 

segment or an interval in R. 

Remark 2.1. Let g G PSL(2, R)\PSL(2, R)^ and suppose that the representative 
(c d) e SL(2,R) of g is chosen such that c > 0. Then the isometric sphere 

I(g) = {z€H\ \z+i\ = ±} 

of g is the complete geodesic segment with endpoints — - — - and — - + -. Let 
zq = XQ+iyo be an clement of 1(g). Then the geodesic segment (zq, oo) is contained 
in extl(g), and the geodesic segment (xo, z ) belongs to int/(g). Moreover, 

H = extI{g)Ul{g)UhstI{g) 

is a partition of H into convex subsets such that dextl(g) = 1(g) = dint 1(g). 

Let U be a subset of H. The closure of U in H is denoted by U or c\(U), its 
boundary is denoted by dU . Its interior is denoted by U° . To increase clarity, we 
denote the closure of a subset V of H 9 in H 9 by or cljjs V. Moreover, we set 
d CJ V := V u n d g H, which can be understood as the geodesic boundary of V. For a 
subset W C R let intR(VF) denote the interior of W in R and dmW the boundary 
of VF in R. If X is a subset of d g H, then int fl (X) denotes the interior of X in d g H. 
If X C R, then mt g (X) = int R (X). 

For two sets A, B, the complement of B in A is denoted by A\B. In contrast, 
if r acts on A, the space of left cosets is written as T\A. For example, r oo \(r\r oo ) 
is the set of orbits of the Too-action on the set TnT^. 

Finally, the height of z = x + iy G H is defined to be 

ht(x + iy) = y. 
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Let T be a discrete subgroup of PSL(2,M) and set Y := T\H. Let CS be a 
subset of SY. Suppose that 7 is a geodesic on Y. If j'(t) £ CS, then we say that 
7 intersects CS in t. Further, 7 is said to intersect CS infinitely often in future if 
there is a sequence (t n )neN with lim„_ i . 00 t n = 00 and j'(t n ) £ CS for all n £ N. 
Analogously, 7 is said to intersect CS infinitely often in past if we find a sequence 
(tn)neN with lim„_ i . 00 t n — —00 and j'(t n ) £ CS for all n £ N. Let /1 be a measure 
on the space of geodesies on Y. A cross section CS (w. r. t. y) for the geodesic flow 
$ is a subset of SY such that 

(CI) /x-almost every geodesic 7 on Y intersects CS infinitely often in past and 
future, 

(C2) each intersection of 7 and CS is discrete in time: if 7 ; (t) € CS, then there is 
e > such that f((< - e, t + e)) n CS = {f(i)}- 

We call a subset £/ of Y a totally geodesic suborbifold ofY if 7r _1 (L/) is a totally 
geodesic submanifold of . Let pr : SY —> Y denote the canonical projection on 
base points. If pr(CS) is a totally geodesic suborbifold of Y and CS does not contain 
elements tangent to pr(CS), then CS automatically satisfies (C2). 

Suppose that CS is a cross section for $. If CS in addition satisfies the property 
that each geodesic intersecting CS at all intersects it infinitely often in past and 
future, then CS will be called a strong cross section, otherwise a weak cross section. 
Clearly, every weak cross section contains a strong cross section. 

The first return map of <E> w. r. t. the strong cross section CS is the map 

CS -> CS 
v 1— > tV(*o) 
where tt(v) = v, ^(7^) = 7^ and 

i o :=min{i>0 %(t) € CS} . 

Recall that j v denotes the geodesic on H determined by v. Further, to is called 
the first return time of v resp. of ■%. This definition requires that to = to(v) exists 
for each v £ CS, which will indeed be the case in our situation. For a weak cross 
section CS, the first return map can only be defined on a subset of CS. In general, 
this subset is larger than the maximal strong cross section contained in CS. 

Suppose that CS is a strong cross section and let S be an at most countable 
set. Decompose CS into a disjoint union (Jaes CS Q . To each v £ CS we assign the 
(two-sided infinite) coding sequence (a„) ne z G S z defined by 

a„ :=a iff R n (v) € CS a . 
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Note that R is invertible and let A be the set of all sequences that arise in this way. 
Then A is invariant under the left shift a: S z — > E z , 

(cr((a„) n6Z )) fc := a k+1 . 

Suppose that the map CS — > A is also injective, which it will be in our case. Then 
we have the natural map Cod: A — > CS which maps a coding sequence to the 
element in CS it was assigned to. Obviously, the diagram 

cs— ^CS 



Cod 



Cod 



A^-~A 

commutes. The pair (A, a) is called a symbolic dynamics for $. If CS is only a 
weak cross section and hence R is only partially defined, then A also contains one- 
or two-sided finite coding sequences. 

Let CS' be a set of representatives for the cross section CS, that is, CS' is a 
subset of SH such that 7r| CS ' is a bijection CS' — > CS. Relative to CS', we define 
the map r: CS -> d g H x d g H by 

t{v) (71.(00), 7^-00)) 

where v = (7r|cs') _1 (^)- For some cross sections CS it is possible to choose CS' 
in a such way that r is a bijection between CS and some subset DS of R x 1. 
In this case the dynamical system (CS,i?) is conjugate to (DS,F) by t, where 
F := r o R o r _1 is the induced selfmap on DS (partially defined if CS is only a 
weak cross section). Moreover, to construct a symbolic dynamics for one can 
start with a decomposition of DS into pairwise disjoint subsets D a , a 6 S. 

Finally, let (A, a) be a symbolic dynamics with alphabet S. Suppose that we 
have a map i: A — s- DS for some DS C R such that i((a n )nez) depends only on 
(a n )n£N , a (partial) selfmap F: DS — > DS, and a decomposition of DS into a 
disjoint union U agS D a such that 

F(i((a n )nez)) G D a 01 = a 

for all (a„) nS z € A. Then F, more precisely the triple (F, i, (D a ) a& s) , is called 
a generating function for the future part of (A, a). If such a generating function 
exists, then the future part of a coding sequence is independent of the past part. 
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Cusp Expansion 

Let r be a subgroup of PSL(2,R). On the way of the development of cusp 
expansion we will gradually impose the requirements on T that it be discrete, has 
oo as a cuspidal point and satisfies the conditions (Al) and (A2) which are defined 
in Section 4.1.2 resp. Section 4.2.2 below. The cusp 7r(oo) plays a special role. All 
definitions and constructions will be made with respect to this cusp. 

At the beginning of each (sub-)section we state the properties of V which we 
assume throughout that (sub-)section. 

The fundamental and starting object is the convex hyperbolic polyhedron 

fC:= p| extl(g), 

which is the common part of the exteriors of the isometric spheres of T. Our 
conditions on F will imply that the boundary dJC of JC in H consists of non-trivial 
segments of isometric spheres. By a non-trivial segment we mean a connected 
subset which contains more than one element. An isometric sphere which effectively 
contributes to dJC will be called relevant. We will require that the point of maximal 
height, the summit, of each relevant isometric sphere is contained in dJC. To each 
vertex v of JC in H or d g H (other than oo) we attach one (if v € H) or two (if 
v £ dgH) sets, which we call precells in H. If v G H, the precell attached to v is 
the hyperbolic quadrilateral with vertices v, the two summits adjacent to v, and 
oo. If v G d g H, then v might have one or two adjacent summits. In any case, one 
of the precells attached to v is the hyperbolic triangle with vertices v, one summit 
adjacent to v, and oo. If there are two adjacent summits, then the other precell 
is of the same form but having the other summit as vertex. If there is only one 
adjacent summit, then the other precell is the vertical strip on H between v and 
the adjacent vertex of JC in d g H . The family of all precells in H is, up to boundary 
components, a decomposition of JC. Certain finite sets of precells in H will be called 
a basal family of precells in H. These sets are characterized by the property that 
the union of their elements is the closure of an isometric fundamental region for T 
in H. In particular, a basal family of precells in H is a set of representatives for 
the Too-orbits in the set of all precells in H. 

The next step is to combine precells in H to so-called cells in H. The key idea 
behind this construction is that the family of cells in H should satisfy the following 
properties: Each cell in H shall be a union of precells in H such that the emerging 
set is a finite-sided n-gon with all vertices in d g H. Further, each cell shall have 
two vertical sides (in other word, oo is a vertex of each cell) and each non- vertical 
side of a cell shall be a T-translatc of a vertical side of some cell. Finally, the 
family of all cells in H shall provide a tesselation of H . Suppose that A is a basal 
family of precells in H. Then there is a side-pairing of the non- vertical sides of 
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basal precells in H. Each precell which is attached to a vertex of K in H has two 
non- vertical sides. This fact allows to deduce from the side-paring a natural notion 
of cycles (cyclic sequences) in A x T, where a pair (A,g) G A x T encodes that g 
maps one non- vertical side of A to a non- vertical side of some element in A. This 
notion is easily extended to basal precells which are attached to vertices of JC in 
d g H . Moreover, there is a natural notion of equivalence of cycles. Each cell in H 
is the union of certain T-translates of the basal precells in some equivalence class 
of cycles. At this point the requirement that the summit of each relevant isometric 
sphere be in dJC becomes crucial. It guarantees that each cell in H satisfies the 
requirements on its boundary structure mentioned above. 

Let B denote the family of cells in H constructed from A. Further suppose 
that 7r: SH — > T\SH denotes the canonical projection map of the unit tangent 
bundle of H onto the unit tangent bundle of the orbifold Y\H. Let BS denote the 
set of boundary points of the elements in B and suppose that CS denotes the set 
of unit tangent vectors based on BS which arc not tangent to BS. We will show 
that CS := 7r(CS) is a cross section for the geodesic flow with respect to certain 
measures \x and we will also characterize these measures. To that end we extend 
the notions of precells and cells in H to SH. Each precell in H induces a precell 
in SH in a geometric way. There is even a canonical bijection between precells in 
H and precells in SH. As before, let A be a basal family of precells in H. For 
each equivalence class of cycles in A x T we fix a so-called generator. The set of 
chosen generators will be denoted by §. Relative to S we perform a construction 
of cells in SH from basal precells in SH similar to the construction in H. The 
union of all cells in SH will be seen to be a fundamental set for T in SH. It is 
exactly this property of cells in SH which will allow to characterize the geodesies 
on T\H which intersect CS infinitely often in past and future, and which in turn 
allows to characterize the measures fi. It will turn out that exactly those geodesies 
do not intersect CS infinitely often in future or past which have one endpoint in 
the geodesic boundary of the orbifold. 

The switch from H to SH brings an additional degree of freedom to the con- 
struction without destroying any features. One is allowed to shift each cell in SH 
(independently from each other) by any element of Too. The map which fixes for 
each cell B in SH an element of by which B is shifted will be denoted by T. 
The boundary structure of cells in H and the choices of S and T will be seen to 
induce a natural labeling of CS. In this way, we have geometrically constructed a 
cross section and a symbolic dynamics to which we refer as geometric cross section 
and geometric symbolic dynamics. The geometric cross section docs not depend on 
the choice of A, S or T; its labeling, however, does. 

Suppose that R denotes the first return map of the cross section. Then (CS, R) 
is the to CS associated discrete dynamical system. In general, (CS, R) is not conju- 
gate to a discrete dynamical system (DS, F) for some DS C R x K. But CS contains 
a subset CS re d for which (CS re d,-R) is naturally conjugate to a discrete dynamical 
system in some subset of K x K. The set CS re d is itself a cross section (with respect 
to the same measures as CS) and can be constructed effectively in a geometric way 
from CS. The labeling of CS induces a labeling of CS re d and the conjugate discrete 
dynamical system (DS, F) is of continued fraction type. In contrast to CS, the set 
CS re d depends on the choice of A, § and T. 
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The definition of precells in H and the construction of cells in H from precells 
is based on ideas in [Vul99] . Our construction differs from Vulakh's in three impor- 
tant aspects: We define three kinds of precells in H of which only the non-cuspidal 
ones are precells in sense of Vulakh. In turn, cells arising from cuspidal or strip 
precells are not cells in sense of Vulakh. Finally, contrary to Vulakh, we extend the 
considerations to precells and cells in unit tangent bundle. 

4.1. Isometric fundamental domains 

Let r be a subgroup of PSL(2, K). A crucial tool in many proofs in the following 
is that under certain requirements on T there exists a so-called isometric fundamen- 
tal region for T. An isometric fundamental region is a fundamental region of the 
form 

^o=n p| extl(p) 

where J-^ is a fundamental region for in H. In [PohlO], we showed the 
existence of isometric fundamental regions and domains under weak conditions. 
The group T is said to be of type (O) if 

p| ertI(g) = H\ |J mt 1(g). 

Suppose that S is a subset of PSL(2, K) and let (S) denote the subgroup of PSL(2, K) 
generated by S. Then S is said to be of of type (F), if for each z £ H the maximum 
of the set 

{ht(gz) \ge(S)} 

exists. Then [PohlO, Theorem 3.18, Corollary 3.23] states the following existence 
result on isometric fundamental regions and domains. 

Theorem 4.1. Let T be a subgroup o/PSL(2,M) of type (O) such that TnT^ is 
of type (F). Suppose that Too is a fundamental region for in H satisfying 

J»=n f] cxt 1(g) = Foo n p extl(g). 

Then 

^:=Joon P extl(g) 

is a fundamental region for T in H . If, in addition, J-qo is convex, then J- is a 
fundamental domain for T in H . 

In the following subsections to this section we show that if P is discrete, has oo 
as cuspidal point and satisfies condition (Al) defined in Section 4.1.2 below, then 
we can apply Theorem 4.1. From Section 4.1.1 on we require that T be discrete and 
that oo be a cuspidal point of T. Under these conditions, the set of interiors of all 
isometric spheres is locally finite. This immediately implies that T is of type (O). 
In Section 4.1.2 we suppose that T satisfies in addition the condition (Al) which is 
weaker than to require that TnT^ be of type (F). It will turn out that in presence 
of the other properties of T, this condition is equivalent to rxToo being of type 
(F). The purpose of Section 4.1.3 is to bring together the results of the previous 
sections to prove the existence of isometric fundamental domains J-(r), r£l, for 
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r if the fundamental domain JF oo (r) for Too in H is chosen to be a vertical strip in 
H. To that end we investigate the structure of the set 

K= p| ext /(<?). 

Also here, the fact that the set of interiors of all isometric spheres is locally finite 
plays a crucial role. In Section 4.1.4 we study the fine structure of the boundary of 
JC by investigating the isometric spheres that contribute to dJC and their relation 
to each other. For that we introduce the notion of a relevant isometric sphere and 
its relevant part. The results of this section are of rather technical nature, but they 
are essential for the construction of cross sections. Moreover, in Section 4.1.5 we 
use these insights on dJC to show that for certain parameters r G K, the closure 
of the isometric fundamental domain T{r) is a geometrically finite, exact, convex 
fundamental polyhedron for V in H. This, in turn, will show that T is a geometri- 
cally finite group and will allow to characterize the cuspidal points of T via ^(r). 
Finally, in Section 4.1.6, we show that, conversely, each geometrically finite group 
of which oo is a cuspidal point satisfies all requirements we imposed so far on T. 

4.1.1. Type (O). Let T be a discrete subgroup of PSL(2, K) and suppose that 
oo is a cuspidal point of T. Then (see [Bor97, 3.6]) there is a unique generator 
U := (Jf) with A>0ofr oo . 

Recall that a family {Sj \ j G J} of subsets of H is called locally finite if for each 
z £ H there exists a neighborhood U of z in H such that the set {j G J \ UOSj ^ 0} 
is finite. 

We want to show that the set of the interiors of all isometric spheres is locally 
finite, or in other words, that the family of the interiors of all isometric spheres 
is locally finite if it is indexed by the set of all isometric spheres. To this end we 
will characterize the set of all isometric spheres as the set of classes of a certain 
equivalence relation of elements in rvToo . The equivalence relation on rvToo is given 
by considering two elements as equivalent when they generate the same isometric 
sphere. It will turn out that this equivalence relation is very easily expressed via a 
group action, namely it is the left action of on TnT^. This characterization of 
isometric spheres allows to apply a result in [Bor97] which directly translates to 
a statement on the radii of isometric spheres. We start by investigating when two 
elements generate the same isometric sphere. 

Lemma 4.2. Let gi,g 2 € TnT^. Then the isometric spheres I(g\) and 1(52) are 
equal if and only if g\g 2 G ^oo- 



PROOF. Let 5i := {^J. J) for j = 1,2. Then I{g 1 ) = I(g 2 ) if and only if 
ci = C2 —■ c and d\ = d<i =: d. Suppose that I(gi) = I{g2)- Then 

-1 _ ( aid - h\c -ai&2 + 6102^ _ (1 —a\bi + 6102 
3152 ~ V -cb 2 + da 2 J - [0 1 

where we used that det(gi) = 1 = det(.g 2 )- Hence g\g 2 x G r^. 

Now suppose that g\g 2 x G T^,. Then g\g 2 x = (0 "5 A ) ^ or some ^ G Z. Hence 

1 m\\ f a 2 + m\c 2 b 2 + m\d 2 

c 2 d 2 , 

Thus, ci = C2 and d± = d 2 . □ 
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Lemma 4.2 shows that the generator g of the isometric sphere 1(g) is uniquely 
determined up to left multiplication with elements in Too. Let 

IS :={/(<?) | g € rxToo} 

denote the set of all isometric spheres. Then the map 

r co \(r\r co ) -> is 



T: 



is a bijection. 

Contrary to left multiplication, right multiplication of g with induces a shift 
by — mX. This fact will be needed to show that of the interiors of isometric spheres 
which are generated by the elements of a double coset PooffPoo only finitely many 
intersect small neighborhoods of a given point in H . 

Lemma 4.3. Let g € rxToo and m e Z. Then I(gt™) = 1(g) — mX. 
Proof. Let ("J) with c > be a representative of g. Then 
I (9 t T) = {z G H \ \cz + cmX + d\ = 1} 
= {zeH \ \c(z + mX) + d\ = 1} 
= {w -mXeH | |cw + d| = 1} 
= J(flO - mA. 

This shows the claim. □ 

For g = ( ° £ T we set c(g) := |c|. The map c: T -> K is well-defined. 
Moreover, for each m, n E Z it holds 

a + mXc nXa + mnX 2 c + b + mXd 



tx9t n x = 



c nXc + d 



Hence, c is constant on the double coset To^gT^ of g in T. In particular, c induces 
the map 

r 00 \(r\r 00 ) -> m+ 
[<?] c(a). 

Using the bijection T: r oo \(r\r oo ) — >• IS we define the map c: IS R + , 

c '■= c o T _1 . 

Note that l/c(7) is the radius of the isometric sphere I E IS. 

The following lemma is one of the key points for the proof of Proposition 4.5 
below. It uses the characterization of isometric spheres via T and Lemma 4.3. 

Lemma 4.4. Let a, b £ K, a < b, and let U := (a, b) + iR + be the vertical strip in 
H spanned by a and b. For each k € M + , the set 

{hit 1 1 I G IS, c(J) = k, int J n U ^ 0} 

is finite. 

Proof. Let g € TnT^ such that c(g) = k. At first we will show that the set 
gToo contains only finitely many elements h such that int 1(h) n U 0. If for all 
elements h in gT^, the interior of /(/i) does not intersect U, we are done. Suppose 
that this is not the case and fix some h € gT^, such that int 1(h) fl U ^ 0. We may 
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assume w.l.o.g. that h = g. Recall that l/c(g) is the radius of 1(g). If w G int 1(g), 
then int 1(g) is contained in the vertical strip 

(Rew- §,Reu> + f) + iK+. 
Since int /(#) n U ^ 0, we find that 

int 1(g) C ( a -|,6+|) + =: P. 
Let i™ € Too. Lemma 4.3 implies that 

int I(.gf A ") CP- mA = (a - § - mA, 6 + | - mA) + «+. 
For m < b + a — $) one easily calculates that 

6+|<o — f — mA, 
and for m > (6 — a + ^) one has 

a — | > 6 + | — mA. 

Thus, for |m| > j(b — a + 4), the interior of I(gt™) does not intersect P. Note 
that U CP. Hence there are only finitely many elements /i in gT^ such that 
intJ(/i)n£/ ^ 0. 

By Lemma 4.2, int 1(g) = int I(t™g) for all m e Z. Therefore, the set 

{int 1(h) | h G Toogroo, int J(/i) n C/ ^ 0} 

is finite. [Bor97, Lemma 3.7] states that there are only finitely many double cosets 
Tooffroo in r such that c(g) = k for some (and hence any) representative g of 
Too^roo. This completes the proof. □ 

The maximal height of an element of an isometric sphere / is l/c(J). This in 
turn means that int / is contained in the horizontal strip {z G H \ ht(z) < l/c(7)}. 

For each z € H and r > 0, the set B r (z) denotes the open Euclidean ball with 
radius r and center z. 

Proposition 4.5. The set {int I \ I G IS} of all interiors of isometric spheres is 
locally finite. 

PROOF. Let z G H. Fix e G (0,ht(z)) and set U := B s (z). We will show that 
U flint / ^ for some / G IS implies that c(I) belongs to a finite set. Since U is 
contained in the vertical strip (Re z — e, Re z + e) + iW. + , Lemma 4.4 then implies 
the claim. To that end set m := ht(z) — e. Suppose that I G IS with c(I) > —. 
For each w G int / we have 

ht(u>) < —j— < m = ht(z) — e. 
c(I) 

Therefore w ^ U and hence U H int J = 0. This means that if U Pi int / ^ 0, then 
c(I) < — . Now [Bor97, Lemma 3.7] implies that the map c assumes only finitely 
many values less than — . Hence also the map c does so. The previous argument 
shows that the proof is complete. □ 

Now [PohlO, Remark 3.19] implies that T is of type (O). 

Proposition 4.6. We have 



y int I = [J int I = H\ P) extl. 

ieis /sis /eis 
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Remark 4.7. If A is a subgroup of T, then the set of all interiors of isometric 
spheres of A is a subset of the set of all interiors of isometric spheres of T. Hence, 
if oo is a cuspidal point of A, then A is of type (O). 

4.1.2. Type (F). Let T be a discrete subgroup of PSL(2,IR) of which oo is a 
cuspidal point. Suppose that T satisfies the following condition: 

j-^-j For each z £ H, the set 1L Z := {ht(gz) | g £ (T\T OD )} is 

bounded from above. 

The condition (Al) is clearly weaker and easier to check than the requirement 
that r \ Too be of type (F) . Since the height is invariant under , we see that 
H z = {ht(gz) | g £ T}, and hence (Al) is equivalent to 

(Al') eacn z ^ H, the set H z := {ht(gz) | g £ T} is bounded 

from above. 

Proposition 4.9 below shows that the properties of T already implies that TxToo 
is of type (F). For its proof we need the following lemma. 

Lemma 4.8. Let a, (3 £ K + , a > f3, and suppose that we have a point w £ H with 
Imw £ [f3, a]. Further let S £ (0,a). Then there exists r\ > such that for each 
g £ PSL(2,R) for which Im(gw) £ [/3,a] we have B^gw) C gBg(w). 

Proof. Let g = ( a c b d ) e PSL(2, R) with lm(gw) £ a] and pick z £ dB s (w). 
Then (see [Kat92, Theorem 1.2.6]) 

\z~w\ 2 6 2 

coshd H (z,w) = 1 + — = 1 + — 

2 1m z ■ 1m w 2 1m z ■ 1m w 



\gz- gw\ 2 



and 

cosh d H (gz,gw) = 1 + 

2 Lm(gz) ■ Lm(gw) 

Since dH(z,w) = dn(gz, gw), we have 

i ,2 Im(gz) • lm(gw) 2 

\gz - gw\ = — S . 

1m z ■ 1m w 

From Im(gz) = lm(z)/\cz + d\ 2 it follows that 

l9Z - 9Wl = \cz + d\ 2 \c W + d\ 2 - 

We will now show that there is a universal upper bound (that is, it does not depend 
on z or w) for \cz + g?| 2 |cu> + d\ 2 . By assumption, 

Imw 

j3 < Im(gw) = —2 < a, 

\cw + a\ z 

hence 

f3\cw + d\ 2 < Imw < a\cw + d\ 2 . 
Then < Imw < a implies that 

f3\cw + d\ 2 <a and (3 < a\cw + d\ 2 . 

Therefore 
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Moreover, 



fa 



— > \cw + d\ > \ lm(cw + d)\ = \c\lmw > \c\/3. 




Thus 



(4.2) 




I a 



Finally, (4.1) and (4.2) give 

\cz + d\ — \c(z — w) + cw + d\ 
< \c\\z — w\ + \cw + d\ 




Hence, for all w £ H with Imw £ [13, a], for all z £ dBg(w) and all g = (" ^) in 
PSL(2,R) with lm(gw) £ [/?,a] we have 





Let = ( J i ) be the unique generator of Too such that A > 0. For each rel, 
the set 



is a fundamental domain for Too in H. The proof of the following proposition 
extensively uses that T satisfies (Al) and that each point w € H is Too-equivalent 
to a point in Foo(r) of same height. 

Proposition 4.9. The set TvE^ is of type (F), i. e., for each z £ H, the maximum 
ofH z exists. 

Proof. Let z e H and set a := sup 'Hz. Note that a is finite by (Al) (resp. 
by (Al')). Assume for contradiction that the maximum of Ti. z docs not exist. Let 
£ > and set K := [0, A] + i[a — e,a]. We claim that the set 



is infinite. To see this, let n € N. By our assumption that max"H 2 does not exist, 
there are infinitely many g £ T with ht(<?z) > a — —. Since ht(t™w) = ht(w) for 
each w £ H and m £ Z, there is at least one g £ T such that ht(gz) > a — ^ and 
gz £ ^00(0), thus gz £ K. By varying n, we see that T is infinite. 

Fix some g £ T and set w ■= gz. Since T is discrete, it acts properly discon- 
tinuously on H (see [Kat92, Theorem 2.2.6]). Thus we find S > such that 



is finite. We will show that this contradicts to T being infinite. By Lemma 4.8 we 
find rj > such that B r] {hg~ 1 w) C hg- 1 B s {w) for all h £ T. For each h £ T let S h 
denote the subset of T such that B v (hg~ 1 w) intersects each B v (kg~ 1 w), k £ Sh- 
We claim that at least one Sh is infinite. Assume for contradiction that each Sh 
is finite. We construct a sequence (ft.„)„ e N in T as follows: Pick any hi £ T and 



•Foo(r) := (r,r + A)+«+ 



T := {h £ T I hz £ K} 



A := {k £ T I kB s (w) n B s (w) ^ 0} 
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choose /12 G T\Shi- Suppose that we have already chosen hi,...,hj such that 
hk £ T \ UzL] 1 ^ — 2,...,j. Since T is infinite, the set T \ Uz=i ^ i s non- 
empty. Pick any /ij+i G ^^U^i The axiom of choice shows that we get an 
infinite sequence (h n ) nl zjq in T. By construction, for ni,ri2 £ N, ni ^ ri2, the balls 
B TI (h ril g~ 1 w), B v (h n2 g~ 1 w) are disjoint. 

Let vol denote the Euclidean volume and note that the //-neighborhood B V (K) 
of K is bounded. Then 

oo > vol(B v (K)) > vol ( |J B v (hg-'w)) > vol | |J B^hjg^w) 

\heT ) \j=l 

oo oo 

= ^vol (B v (h j g' 1 w)) = 2m]^2 1 = oo, 

which is a contradiction. 

Hence there exists h € T such that is infinite. But then, for each k G Sh, 
we have 

7^ B v {hg~ x w) n B v {kg~ x w) C hg~ x B s {w) n kg~ 1 B s {w), 
and therefore 

^ B 4 (io) n gh~ x kg~ x B 5 (w). 
This contradicts to A being finite. In turn, the maximum of exists. □ 

Remark 4.10. Proposition 4.9 implies that whenever A is a subgroup of PSL(2, K) 
such that AxAqo is of type (F), then for each discrete subgroup T of A one has that 
r\Poo is of type (F) as long as oo is a cusp point of F. 

4.1.3. The set JC and isometric fundamental domains. Let T be a dis- 
crete subgroup of PSL(2,R) which has oo as cuspidal point and satisfies (Al). Let 

£•■=[} ext/ 
zeis 

be the common part of the exteriors of all isometric spheres. Here we will prove 
the existence of isometric fundamental domains for T. To that end we will show 
that the boundary of JC is contained in a locally finite union of isometric spheres. 
The first lemma implies that the set of all isometric spheres is locally finite. 

Lemma 4.11. The families {int/ | I £ IS } and IS are locally finite. 

PROOF. By Proposition 4.5 the family {mil \ I € IS} is locally finite. Then 
[vQ79, Hilfssatz 7.14] states that the family {vat I \ I E IS} is locally finite as well. 
For each / <G IS, the isometric sphere / is a subset of mtl. Hence IS is locally 
finite. □ 

Proposition 4.12. The boundary dJC of JC is contained in a locally finite union of 
isometric spheres. 

Proof. By Proposition 4.6, JC = P| JeIs cxt/ is open. Then Proposition 4.6 
(for the third and the last equality) and [PohlO, Proposition 3.12] (for the last 
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equality) imply that 

dK = f] extix P| ext J = Q ext/n flZx f] ext /) 
/eis /eis Zeis Zeis 

= P| ext J R [J int 7 = Q cxt7 n [J int7. 
Zeis Zeis Zeis Zeis 

Therefore z € dK if and only if 

V 7 e IS : z G ext 7 and 3 7 G IS : z G int 7. 

Since ext 7 n int 7 = 7 for all 7 £ IS, we see that z G dK if and only if 

V7 G IS: z G ext 7 and 37gIS:zg7. 

Thus, dK C U/gis ^- The se ^ ^ ^ s l° ca Uy finite by Lemma 4.11. □ 

Remark 4.13. Proposition 4.12 does not show that the family of connected com- 
ponents of dK is locally finite. That this is indeed the case will be proven in 
Section 4.1.4. 

Lemma 4.14. The set K is convex. Moreover, if z G K, then the geodesic segment 
(z, oo) is contained in K. 

Proof. Recall from Remark 2.1 that ext 7 is a convex set for each 7 G IS. 
Thus, K = flzeis ex ^I is so. Let z G K. [PohlO, Proposition 3.12] shows that 

z G P ext 7 = P ext 7. 

Zeis Zeis 

Hence, for each 7 G IS we have z G ext 7. By Remark 2.1, for each 7 G IS, the 
geodesic segment (2,00) is contained in ext 7. Therefore (z,oo) is contained in 

flzeis ext/ = D 

Recall that we suppose that T is discrete with cuspidal point 00 and fulfills 
(Al). As before, let t\ := (J i) be the unique generator of with A > 0. For 
each r G K set J 7 00 (r) := (r, r + A) + iM + , which is a fundamental domain for 
in H . Let 

Hr) :=^oo(r)n/C. 

Theorem 4.15. Tbr eac/i r G R, i/ie set .F(r) is a convex fundamental domain for 
T in H . Moreover, 

dT(r) = (dTooi^nK) u (ToTW n dK). 

Proof. Let rd. Then J-"oo(r) is obviously a convex domain. Lemma 4.14 
states that K is convex, and Proposition 4.6 implies that K is open. Therefore, 
^00 {r) f~l K is a convex domain. 

Now we show that Foo(r) D /C = Fao(r) n /C. Clearly, we have 

7oo(r)n/CC ^(rjnl. 

To prove the converse inclusion relation let z G J"oo(r) n /C. Hence we are in one of 
the following four cases: 

Case 1: Suppose z G J-oo{r) n /C. Obviously, z G .^(r) n /C. 
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Case 2: Suppose z £ 9.Foo(r) n K,. Fix a neighborhood V of z such that V C. fC. 

For each neighborhood U of 2 with [/ C U we have C/ R ^"ooC?") 7^ 0- Hence 
U n J"oo(r) n /C ^ 0. Therefore z e J"oo(r) n/C. 

Case 3: Suppose z G ^oo{ r ) H 3 AC. Analogously to Case 2 we find z € .Fo^r) n AC. 

Case 4: Suppose z £ dF^r) (IdJC. Fix a neighborhood V of z such that dACH K is 
contained in the finite union of the isometric spheres I\,...,I n . Then 
dFoo{r) intersects each Ij transversely (if at all). Therefore, for each 
neighborhood U of z with U C V we find £/ H J-"oo(r) n AC 7^ 0. Hence 
z £ 



Thus, J r oc (r)n/C = J r oo(?') ("I AC. By Proposition 4.6, the group T is of type (O), and 
Proposition 4.9 shows that TvC 1 ,^ is of type (F). Thus all hypotheses of Theorem 4.1 
are satisfied, which states that T{r) is a fundamental region for V in H. Finally, 



aF(r) = J r (r)\J"(r) 



(Joo(r)nK) n C(J-oo(0 n AC) 
(^Mnx:)n(C^ co (r)uC/c) 



= (j^jr) n aFoo(r) n K) u (^(r) n AC n tic) 

= (dToo (r) n AC) u ( J^W n 3/C) . 
This completes the proof. □ 

Example 4.16. For n £ N, n > 3, let A„ := 2cos^. The subgroup of PSL(2,M) 
which is generated by 

1 ~oj and Tn:= (l X i 



s 



is called the Hecke triangle group G n . Using Poincare's Theorem (see [Mas71]) 
one sees that 

T n :={z£H \ \z\ > 1, \Rcz\ < ^f) 
is a fundamental domain for G n in H (see Figure 1). The group G n has 00 as 



-Qn* 



T 

*> n. 



FIGURE 1. The fundamental domain T n for G n in H. 
cuspidal point. The stabilizer of 00 is 



(Gn) 



1 m\ n 
1 



m £ 
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Hence each vertical strip !Foo{f) '■= (r, r + A n ) + iR + of width A„ is a fundamental 
domain for (G,j)oo in H. The complete geodesic segment 

(-1,1) = {*€ H| |*| = 1} 

is the isometric sphere I(S) of S. Its subsegment {—~Q n , g n ) with 



A X 2 

p n := — + i\ 1 = cos - + i sin £ 

t ^' i 2 V 4 n 



is the non- vertical side of T n - Therefore 



F = Foo ( - n ext 7"(S). 



This in turn implies that 



£ = f| ext /(g) = f| ext/(ST™). 



/c 



3\ _ \ A„ An A 3 \ 

— jA„ — ^ u 

Figure 2. The set K. for G„. 

Example 4.17. We consider the group 

Pr (5) :={(cd) ePSL(2,Z)| c=0 mod 5}. 
This group has oo as cuspidal point. The stabilizer of oo is given by 

PIVSU = {(J J)| bez}. 

Therefore, each vertical strip J 7 ^ (r) := (r, r + 1) + iM + of width 1 is a fundamental 
domain for Pro(5)oo. The isometric spheres of Pro (5) are the sets 

l c , d = {zeH\ \bcz + d\ = i} = {zeH \ \z+£\ = 

where c € N and d € Z. This clearly shows that the set of all interiors of isometric 
spheres is locally finite, which implies that PPo(5) is of type (O). One easily shows 
that Pro (5) is of type (F). The set K. is given by 

IC=f]{zeH\ \z+l\>i}, 

see Figure 3. 
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AC 



Figure 3. The set AC for G„. 

Then the set 

4 

-F = J"oo(0)nAC = F oo (0)n p| {zeH \ |, 



is an isometric fundamental domain for Pro (5) in H (see Figure 4). 



T 



FIGURE 4. The fundamental domain T for Pr (5) in H. 



4.1.4. Relevant sets and the boundary structure of AC. Let T be a dis- 
crete subgroup of PSL(2,R) of which oo is a cuspidal point and suppose that T 
satisfies (Al). Recall that 

AC = P| ext /. 

isis 

Definition 4.18. An isometric sphere I is called relevant if / n <9AC contains a 
submanifold of H of codimension one. If the isometric sphere / is relevant, then 
I n dIC is called its relevant part. 

Example 4.19. Recall the Hecke triangle group G n from Example 4.16. The 
relevant isometric spheres for G n are I (ST™) with m € Z. The relevant part of 
I (ST™) is the geodesic segment [— g n , g n ] — m\ n . 

From now on, to simplify notation and exposition, we use the following conven- 
tion. Let a : I — > H be a geodesic arc where I is an interval of the form [a, oo) or 
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(a, oo) with aeR. Then a(oo) G <9 ff i/\ In contrast to the definition on p. 6, we de- 
note the associated geodesic segment by [a, a(oo)] resp. (a, a(oo)], even though we 
do not consider a(oo) as belonging to a(I). Further, we use the obvious analogous 
convention if I is of the form (— oo, a] or (— oo, a) or (— oo, oo). 

There are only two situations in which we do consider the endpoints in d g H to 
belong to the geodesic segment. If Si = [a, b], S2 = [b, c] are two geodesic segments 
with b G d g H, then we say that b is an intersection point of s\ and S2. Further, if 
A is a subset of H 9 or if A is a subset of H but considered as a subset of H 9 , then 
si C A means that indeed also the points a and b belong to A. 

On the other hand, if A is some subset of H, then si C A means that si n H is 
a subset of A. The context will always clarify which interpretation of [a, b] is used. 

Lemma 4.20. 

(i) The relevant part of a relevant isometric sphere is a geodesic segment. Suppose 
that a is an endpoint of the relevant part s of the isometric sphere I . If a € H , 
then a G s. 

(ii) Suppose that I and J are two different relevant isometric spheres and let 
si '■= [a,b] resp. sj := [c,d] be their relevant parts with Re a < Re b and 
Rec < Red. Then sj and sj intersect in at most one point. Moreover, if 
I intersects sj, then sj intersects sj. In this case, the intersection point is 
either a = d or b = c. 

(hi) Let I be a relevant isometric sphere and sj '■= [a,b] its relevant part. If 
a G H, then there is a relevant isometric sphere J different from I with 
relevant part sj '■= [c, a]. Moreover, we have either Rec < Re a < Re b or 
Re b < Re a < Rec. 

(iv) If c G dIC, then there is a relevant isometric sphere which contains c. 

Proof. 

(i) Let I be a relevant isometric sphere and let s := I fl d/C denote its relevant 
part. Suppose that a, b G s and let c be an element of the geodesic segment 
(a, b). We will show that c G s. Note that c G H. Since K. is convex, c G K. 
Moreover, (a, b) is a subset of the complete geodesic segment /, thus c G I. 
Therefore c G / n JC. Because 

(4.3) / n K = I H P| cxt JC/n ext 7 = 0, 

Jeis 

and JC is open (see Proposition 4.6) we get that 

(4.4) inlc = lndK. 

Therefore, c G I n <9/C = s. This shows that s is a geodesic segment. 

Finally, since I and <9/C are closed subsets of H , the set s is closed as well. 
Since s is a geodesic segment, this means that it contains all its endpoints 
that are in H . 

(ii) In this part we consider all geodesic segments and in particular the isometric 
spheres as subsets of H . Since I and J are different geodesic segments, they 
intersect (in H 9 ) in at most one point. In particular, their relevant parts do 
so. Suppose that I intersects sj in z. Note that possibly z G d g H. Since JC is 
convex, z G cLj»(/C). Because (cl^s(/C)) = JC, we find analogously to (4.4) 
that I n c\ w (JC) = in d g JC. Then zelfl d g JC = s/. 
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We will now show that z is either a or b. If z £ d g H, then this is 
clear. Suppose that z £ H. Assume for contradiction that z £ (a, b). The 
intersection of / and J in z is transversal. Then either [a, z) or (z, 6] is 
contained in int J. But then, since C/C = U/'eis m ^^'' the geodesic segment 
[a, z) resp. (z, 6] is disjoint to dK, and therefore disjoint to the relevant part 
Si of /. This is a contradiction. Therefore z £ {a, b}. Analogously, we find 
z £ {c,ii}. 

W.l.o.g. we assume that z = a. Then a = c or a = d. We will prove 
that a = d. Assume for contradiction that a = c. Then, since we have 
that Re a = Rec < Re b, Red, we find b' £ (a, 6] and d' £ (c,d] such that 
Re b' = Red'. If Im<f = Im&', then the non-trivial geodesic segments [a, b'] 
and [c, d'] would coincide, which would imply that I ~ J . Thus, we may 
assume that Imd' < Imfe'. Then d! £ int/, which means that d! is not 
contained in the relevant part of J. This is a contradiction. Hence a = d. 
Our first goal is to show that there is an isometric sphere J different to / with 
a £ J. By Lemma 4.11 we find an open connected neighborhood U of a in H 
which intersects int J for only finitely many J € IS, say 

{JelS | U niritJV 0} = {Ji,...,J„} =: J 

and suppose that J\ = I. If there is J € IS such that J ^ I and a £ J, then 
J £ { J2, . . . , J n }- Assume for contradiction that a Jj for j = 2, . . . , n. By 
choice of U, for all J £ ISnJ - we have U C ext J. We claim that by shrinking 
U we find an open connected neighborhood V of a such that 

1/C P| {ext J j JeIS\{/}}. 

Let j £ {2, . . . , n}. Since 

a£dJC<£K,= P| ext J = Q ext J 
Jeis Jeis 

(see [PohlO, Proposition 3.12]), it follows that a £ ext J, . Because ext Jj is 
open, there is an open connected neighborhood Uj of a such that Uj C ext Jj . 
Set V := U n Hj=2 ^j'> which is an open connected neighborhood of a. Then 
V n / = (z, u>) with a £ (z, «;). Employing (4.4) we find 

indic = inlCD invr\dJC = m(vn f] extj) 

Jeis 

= i" n (V n extT) = 1 n V 

= {z,w). 

Therefore a £ (z,w) C s/, in contradiction to a being an endpoint of sj. 
Hence, there is an isometric sphere J with J / I and a £ J. Note that we 
have already shown that there are only finitely many of these. 

We now prove the existence of a relevant isometric sphere J ^ I with 
a £ J. Let x, y be the endpoint of J. By assumption, the non-trivial geodesic 
segment [x,a) is disjoint to sj = I H <9/C. Since [x, a) C J and 7 n IC = 0, it 
follows that = [x, a) n (JC n <9/C) . Hence 

[ac, a) C C/C = I^J int J. 

Jeis 
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Let J be an isometric sphere with J ^ I and a G J. Since J intersects 7 only 
once, it follows that [x, a) C int J. 

Now consider all isometric spheres X,- such that Ij ^ I and a G 7^-. As 
already seen, there are only finitely many, say I\,...,Ik- Suppose that for 
j = 1, . . . , k, the isometric sphere Ij is the complete geodesic segment [xj, yj] 
with Xj < yj and suppose further that y\ < ... < y&. For the endpoints x,y 
of I suppose that x < y. W.l.o.g. assume that Re a < Re b. Then 

xi < . . . < x k < x <Rea < yi < . . .y k < y- 

This implies that intii contains the geodesic segment [xj, a) for j = 2, . . . , k, 
and that 

fc 

[xi , a) C P| cxt n ext 7. 

We claim that 7j is relevant. To that end let U be chosen as above. Then 
I, .,ifc G »/. For each J <E J with a ^ J choose an open connected 
neighborhood Vj of a such that Vj C ext J. Set 

F:=C/n f| V>. 

J£J,a<£J 

Since V is an open connected neighborhood of a, there exists e ^ a such that 
(e, a) = V n [xi , a) . Then 

ii n d/c = /i n K d h n y n f] &dl 

Jeis 
fc 

= 1 1 n v n P| cxtTJ n ext 7 

DVf] [xx,a) = (e, a). 

Therefore I\ is relevant. The remaining claims now follow from (ii). 
(iv) By Lemma 4.11 we find an open connected neighborhood U of c in H which 
intersects only finitely many isometric spheres. Say 

I:={7GlS|7n[/^0}. 

Each isometric sphere which contains c is an element of X. Proposition 4.12 
shows that at least one element of 1 does contain c. Let J := { Ji, . . . , J&} 
be the subset of X of isometric spheres which contain c. Suppose that for 
j = 1, . . . , k, the isometric sphere Jj is the complete geodesic segment [xj,yj] 
with Xj < yj and suppose further that y\ < . . . < y k ■ As in (iii) one concludes 
that J\ is relevant. □ 

The following example shows that Lemma 4.20(iii) does not have an analogous 
statement for a G 9 S 77, nor Lemma 4.20(iv) for c G d g K,. 

Example 4.21. Let S ■= and T := ( J \ ), and denote by V the subgroup 

of PSL(2, K) which is generated by S and T. One easily sees that 

T := {z G 77 | |Rez| < 2, \z\ > 1} 

is a fundamental domain for T in i7, cither by using Poincare's Theorem (see 
[Mas71]). If we set J"^ := {z G 77 | | Re z| < 2}, then it follows that 

T 7 = J'oo n ext 7(5). 
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Figure 5. The fundamental domain T. 

Hence, T is an isometric fundamental domain. The relevant isometric spheres are 
7(5) = {z e H | \z\ = 1} and its translates by T m , m e Z. Moreover, 7(5) is the 
relevant part of and there is no relevant isometric sphere with relevant part 

[1, c] for some c £ H \{— 1}. Further there is no relevant isometric sphere with 
endpoint 3/2 € d g lC. 

Let pr^ : i7 9 \{oo} — > K denote the geodesic projection from oo to 9 g i7, i.e., 
P r oo( z ) : = z- ht(z) = Rez. 

For a,b eR set 

I [6, a] otherwise. 
Let Rel be the set of all relevant isometric spheres. 

Definition 4.22. Let Rel ^ 0. A vertex of K. is an endpoint of the relevant part 
of a relevant isometric sphere. Suppose that v is a vertex of /C. If v £ H, then w is 
said to be an inner vertex, otherwise v is an infinite vertex. 

If v is an infinite vertex and there are two different relevant isometric spheres 
7i, I 2 with relevant parts [a, v] resp. [v, b], then w is called a two-sided infinite vertex, 
otherwise v is said to be a one-sided infinite vertex. 

Example 4.23. For each of our sample groups we consider the set JC and its 
vertices. 

(i) Recall the Hecke triangle group G n from Example 4.16. The set K, has only 
inner vertices, namely g n and its (G„) 00 -translatcs. 

(ii) Recall the congruence group Pro (5) from Example 4.17. For this group, the 
set K. has inner as well as infinite vertices. All infinite vertices are two-sided. 

(iii) For the group V from Example 4.21 we have 

K= P| cxt/(,ST m ) = {z 6 H | Vm e Z: \z + 4m\ > 1}, 

see Figure 6. Each vertex of K, is one-sided infinite. 

Proposition 4.26 below justifies the notions in Def. 4.22. For a precise state- 
ment, we need the following two definitions. 

Definition 4.24. A side of a subset A of H is a non-empty maximal convex subset 
of dA. A side S is called vertical if pr oc (S') is a singleton, otherwise it is called 
non-vertical. 
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Figure 6. The set JC for the group T from Example 4.21. 

Definition 4.25. Let {Aj \ j £ J} be a family of (possibly bounded) real sub- 
manifolds of H or H 9 , and let n := max{dimA, | j £ J}. The union UjeJ-^j ^ s 
said to be essentially disjoint if for each i, j <E J , i ^ j, the intersection Aj n Aj is 
contained in a (possibly bounded) real submanifold of dimension n — 1. 

The following proposition gives a first insight in the boundary structure of K. 
It is an immediate consequence of Lemma 4.20 and Proposition 4.12. 

Proposition 4.26. Suppose that Rcl ^ 0. The set dK is the essentially disjoint 
union of the relevant parts of all relevant isometric spheres. The sides of K are 
precisely these relevant parts. Each side of K is non-vertical. The family of sides 
of fC is locally finite. 

Remark 4.27. If Rcl = 0, then Proposition 4.26 is essentially void. In this case, 
JC = H, hence dK = and d g K = d g H. 

Proposition 4.29 below provides a deeper insight in the structure of dK by 
showing that the isometric sphere 1(g) is relevant if and only if I(g~ r ) is relevant 
and that even the relevant parts are mapped to each other by g resp. g~ x . For its 
proof we need the following lemma. 

Lemma 4.28. Suppose that (71,52 G rxToo such that I(gi) H int/(<72) 7^ 0- Then 
gig^ 1 G rxToo and 

gi(l(gi) n mt/(fla)) - i(g^) n int I (g 2 g^). 

Proof. For j = 1,2 let g i = (°* Fix z € I(g 1 ) n int/(flr 2 ) and set 

w '■= g\ z - By [PohlO, Lemma 3.13], w G I(g± ). Hence it remains to prove that 
w G intl(<72<7r )• We have 

1 > \c 2 z + d 2 \ = \c 2 g^ 1 w + d 2 \ = 

I {dic 2 — cid 2 )w + aid 2 — 61 c 2 1 
I - ci«; + ai| 
= |(c 2 di - cid 2 )w + aid 2 - 61C2I, 

where the last equality holds because w <G /(gf 1 ). Now 

_i _ /di02 - ci6 2 -&ia 2 + ai&2\ p 

5251 \dlC2 - CiC?2 — &1C2 + aicfe / 

If d\c 2 — c\d 2 would vanish, then g 2 g\ 1 would be of the form ( * 3 ) G with 
I C3 j = \a\d 2 — b\c 2 \ < 1. But, since 00 is a cuspidal point of T, each element of 



d\w — h\ 
c 2 h d 2 

—ciw + a\ 
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is of the form ( J \ ). This gives a contradiction. Therefore, d\C2 — c\d,2 7^ and 
g29\ X € rxToo. The calculation from above shows that w £ int /((^ffi" 1 )- '— ' 

Proposition 4.29. Lei /(g) 6e a relevant isometric sphere with relevant part [a, b]. 
Then the isometric sphere I (g^ 1 ) is relevant and its relevant part is g[a,b] = [ga,gb]. 

Proof. Let z £ [a, b] n H. We show that gz £ dK. Assume for contradiction 
that gz dK. Then either gz £ H\K = lj /gis int/ or gz £ K = P| /gis ext/. 
Suppose that gz £ (J /gIs mt/ and pick h £ TxToo such that gz £ int/(/i). Then 
[PohlO, Lemma 3.13] shows that gz £ I(g _1 ) n int 1(h). But then Lemma 4.28 
states that z £ int I(hg), which contradicts to z £ dK. Thus, gz £ K. From 
gz £ I(g^ 1 ) it follows that gz K C ext/(<? -1 ). If we suppose that gz £ K, then 
the previous argument gives a contradiction. Hence, gz £ dK. 

This shows that the submanifold g[a, b] = [ga 1 gb] of H of codimension one (and 
possibly with boundary) is contained in H dK. Thus, is relevant. 

Suppose that [c,d] is the relevant part of I(g~ 1 ). The previous argument shows 
that g _1 [c, d] is contained in the relevant part of 1(g). Hence 

[a,b] = g~ 1 g[a 1 b] C g _1 [c, d] C [a, 6], 

and therefore [c, d] = g[a, b]. □ 

Remark 4.30. Proposition 4.29 clearly implies that inner vertices of K are mapped 
to inner vertices, and infinite vertices to infinite ones. But it does not show whether 
two-sided infinite vertices are mapped to two-sided infinite vertices, and one-sided 
infinite vertices to one-sided ones. We do not know whether this is true for all 
discrete subgroups of PSL(2,R) of which 00 is a cuspidal point and which satisfy 
(Al). 

4.1.5. The structure of the isometric fundamental domains. Let T be 

a discrete subgroup of PSL(2, R) of which 00 is a cuspidal point and which satisfies 
(Al). Let t\ = ( q ^ ) be the generator of with A > and recall that for each 
r £ R, the set •Foo(r) := (r, r + A) + iR + is a fundamental domain for Too in H. As 
before set K '■= f) Ie i S cxt/ and define 

F(r) :=^oo(r)n/C 

for rel. In this section we will show that, for some choices of r £ R, the funda- 
mental domain !F(r) is a geometrically finite, exact, convex fundamental polyhedron 
for F in H . This in turn will show that Y is a geometrically finite group and will 
allow to characterize the cuspidal points of Y. 

Definition 4.31. Let A be a subgroup of PSL(2,R). 

(i) A convex polyhedron in H is a non-empty, closed, convex subset of H such 
that the family of its sides is locally finite. 

(ii) A fundamental region R for A is locally finite if {gR | g £ A} is a locally 
finite family of subsets of H . If R is a fundamental domain and a locally finite 
fundamental region for A in if, then R is called a locally finite fundamental 
domain for A in H . 

(iii) A convex fundamental polyhedron for A in H is a convex polyhedron in H 
whose interior is a locally finite fundamental domain for A in H. 

(iv) A convex fundamental polyhedron P for A in H is exact if for each side S of 
P there is an element g £ A such that S = P C\ gP. 
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(v) A convex polyhedron P in H is geometrically finite if for each point x in d g P 
there is an open neighborhood N of x in H 9 that meets just the sides of P 
with endpoint x. 

Proposition 4.34 below discusses the boundary structure of F{r). This result is 
a major input for the proof that T is geometrically finite and, even more, allows to 
introduce the notion of boundary intervals in Section 4.2 which in turn determines 
a type of precells and cells in H and finally takes part in the proof that the base 
manifold of the cross sections is totally geodesic (see Section 4.5). The non- vertical 
sides of F{r) are contained in relevant isometric spheres. Isometric spheres which 
coincide with d^F(r) in a single point or not at all are not interesting for the structure 
of J-(r). 

Definition 4.32. Let r G R. We say that the isometric sphere I contributes to 
dF(r) if J n dT(r) contains more than one point. 

Note that an isometric sphere which contributes to dJ-(r) is necessarily relevant. 

Lemma 4.33. There exists M > such that the set 

H° M :={zeH\ ht(» > M} 

is contained in JC. Moreover, PI dK = 0. 

Proof. Recall the map c: IS — > R + from p. 15. [Bor97, Lemma 3.7] implies 
that c assumes its minimum. Necessarily, minc(IS) > 0. Choose M > 1/ minc(IS). 
Pick z G H° M and let I G IS. Since the radius of I is l/c(J), this isometric sphere is 
height-bounded from above by M. Remark 2.1 implies that z G cxt/. Therefore, 
z G H/eis ext I = Now JC is open by Proposition 4.6, thus n dlC = 0. □ 

Proposition 4.34. Let r G R. The fundamental domain T(r) has two vertical 
sides. These are the connected components o/(3J r 00 (r) nJC. The set of non-vertical 
sides of J-(r) is given by 

{7 n dJ-(r) | I contributes to dJ-(r)}. 

In particular, each relevant isometric sphere induces at most one side of !F{r). 
Moreover, the family of sides of T{r) is locally finite. 

Proof. Recall the boundary structure of T(r) from Theorem 4.15. We start 
by showing that there are two connected components of dFoo (r) n K, and that these 
are vertical sides of JC. The set d-FooC?") consists of two connected components given 
by the geodesic segments (r, oo) and (r+X, oo). Consider (a, oo) where a G {r, r+X}. 
Lemma 4.33 shows that (a, oo) n JC ^ 0. Let z be any clement of (a, oo) DJC. Then 
Lemma 4.14 shows that the geodesic segment [z,oo) is contained in JC. Clearly, 
it is contained in 9J 7 0o (r). Thus, each connected component of dJ-^r) n JC is 
non-empty and a vertical side of F{r). Moreover, this shows that the non- vertical 
sides of T(r) are contained in J-ca(r) n dJC. Wc will show that each side of •F(r) 
which intersects J'oo('r) n dJC is non- vertical. Then each vertical side of J-(r) which 
intersects J-"oo(r) n dJC is necessarily one of the two above, which shows that there 
are only these two vertical sides. 

Let S be a side of T(r) which intersects IFoo{r)DdK. Hence there exists c G dJC 
such that c <E S. Lemma 4.20 shows that there exists a relevant isometric sphere 
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/ with relevant part si such that c £ sr- Since Foo(r) is convex and open, the 
intersection 

sinJ r 00 (r) = IndlCnJ r ao {r) 
is a non-trivial geodesic segment. Therefore, sj n J r o(?') C S and I contributes 
to dF(r). Since sj H J r 00 ( 7 ') is non- vertical, 5 is so. By definition, S is a geodesic 
segment. Since 7 is a complete geodesic segment which intersects S non-trivially, 
SQL Hence, since S C F^r) n 9/C, 

5 = 7 n 9/C n J"oo(r) = I n &F(r). 

This shows that each side of •F(r) which intersects Jv^ (r) n dK is non- vertical and 
of the form I n dF{r) for some isometric sphere I which contributes to dF(r). 

Suppose now that I is an isometric sphere contributing to dJ-(r). Since I is 
non- vertical, lC\dJ-{r) is contained in some non- vertical side S of F(r). Using that 
I is a complete geodesic segment, we get that S = I fl dF(r). Hence, the set of 
non- vertical sides of JF(r) is precisely 

{In dF{r) | I contributes to clFfr)} 

and each relevant isometric sphere generates at most one side of F(r). Now 
Lemma 4.11, or alternatively Proposition 4.26, shows that the family of non- vertical 
sides is locally finite. Since there are only two vertical sides, the family of all sides 
is locally finite. □ 

Lemma 4.35. Let I be a relevant isometric sphere with relevant part s. If t is a 
subset of s (in H), then pr^ 1 (pr 00 (i)) n dK, = t. 

PROOF. Let V := pr^ 1 (pr 00 (s)) and pick z e V n 8JC. By Lemma 4.14, the 
geodesic segment [z,oo) is contained in JC with (z,oo) C K.. By Proposition 4.12 
there is an isometric sphere J such that z £ J. Then Remark 2.1 implies that 
(pr oc (z),z) C int J. Thus (pr oc (z),z) n K, = 0. Hence (pr oc (z),oo) n dK, = {z}. 
Let tu € s. Then to e V - n 9/C and pr^ 1 (pr 00 (u')) n dK = {w}. This proves the 
claim. □ 

Recall that Rel denotes the set of all relevant isometric spheres. 

Proposition 4.36. Let r £ K. Then the set T{r) is a geometrically finite convex 
polyhedron. In particular, J-(r) is finite- sided. 

Proof. If Rel = 0, then !F(r) = J-co(r) and the statements are obviously true. 
Suppose that Rel ^ 0. Theorem 4.15 shows that T(r) is convex and Proposi- 
tion 4.34 states that the family of sides of F(r), which is the same as that of .F(r), 
is locally finite. Therefore, F(r) is a convex polyhedron. 

We will now show that F(r) is geometrically finite. Let x £ d g F(r). Because 
F(r) is a convex polyhedron in a two-dimensional space, there are at most two sides 
of Fir) with endpoint x. 

Suppose that x = oo. There are two sides of ^"(r) with endpoint oo, namely 
the vertical ones. Lemma 4.33 shows that we find M > such that the set 

H° M :={zeH\ b±{z) > M} 

is contained in K and H° M fl dK = 0. Let e > 0. Then 

U := (HmD {z £ 77 9 \{oo} | Rez $ [r - e, r + X + s] U {oo} 
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is a neighborhood of oo in H . Using Theorem 4.15 we find 

UndT(r) = (un (&Foo(r)n£)) u (un (J"oo(r) n<9/c)) 

= ((c/n^naj-^w) u ((undtc)n J^w) 
= c/n5jr 00 (r). 

Hence [/ intersects only the two vertical sides of F{r). 

Suppose now that x G R. In the following we construct vertical strips in H 
for all possible intersection situations at x. Afterwards these vertical strips are 
combined to a neighborhood of x. 

If x is the endpoint of the relevant part s := [a,x] of some relevant isometric 
sphere I with Re a < x such that sncV(r) is not empty or a singleton, then choose 
e > such that max{r, Re a} < x — e and consider the vertical strip 

V := (x-e,x] + iR + 

where (x — e,x] denotes an interval in R. Clearly, V C ^^(r). By Lemma 4.35, 
Vn9KCs. By Theorem 4.15 we find 

VndF(r) = (Vn (aFoo(r)nE)) u (V n (T'ooW na/c)) 
= ((y n SJ'oo(r)) n u ((y n Mr) n JMO) 

= s n J'oo(r). 

Hence y intersects only the side of T{r) which is contained in s. 

If x is the endpoint of a vertical side s of .F(r) , then x = rovx~r + X and 
the vertical strip V ■= (-co, r] + «R + resp. y := [r + A, oo) + intersects only s. 

If x is the endpoint of at most one side of F(r), then there exists an interval / 
of the form [x, y) or (y, x] in dgJ^lr). More precisely, if x = r, then / is of the form 
[x, y). If x = r + A, then / is of the form (y, x]. If x is the endpoint of the relevant 
part [a,x] of some relevant sphere and if Re a < x, then / = [x.y). If Re a > x, 
then / = (y,x\. If x is not the endpoint of any side, then there exists an interval 
of each kind. In all cases, Lemma 4.14 implies that the vertical strip V '■— I + iR + 
is contained in K, and therefore in IF(r). If x = r, then V intersects the vertical 
side (r, oo). If x = r + A, then V intersects the vertical side (r + A, oo). In all other 
cases, y does not intersect any side of F(r). 

Combining these results with Lemma 4.20 we see that in each situation there 
is an open interval / which contains x and for which the vertical strip V := 7 + iR + 
intersects only the sides of J-{r) with endpoint x. Now note that the neighborhood 
V \{oo} of x in H intersects exactly those sides which are intersected by V. Thus, 
J-(r) is geometrically finite. By [Rat06, Corollary 2 of Theorem 12.4.1], JF(r) is 
finite-sided. □ 

Let v be an inner vertex of K,. Then there are two relevant isometric spheres 
I\, I2 with relevant parts [a,v] resp. [v,b]. Let a(v) denote the angle at v inside K. 
between [a,v] and [v,b]. 

Corollary 4.37. There exists k > such that for each inner vertex v of IC we have 
a(v) > k. 
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Proof. Let v be an inner vertex of KL. Then v is the intersection point of 
two isometric spheres, or more generally, of two complete geodesic segments, say si 
and S2- Let 711,712 resp. 721,722 be the geodesies such that 711 (M) = Si = 712 (K) 
resp. 72i(K) = S2 = 722 (K)- Let ^11,^12,^21,^22 be the unit tangent vector to 
711,712,721,722, resp., at v. Since v G H, each of the sets {w±x, W21}, W22}, 
{wi2,W2i} and {u>i2,ui22} contains two elements. Now a(v) is one of the angles 
between the elements of one of these sets. Therefore a{v) > 0. 

Let r G K and consider the set V; n of all inner vertices of K, that are contained 
in dT(r). Each element of Vi n is the endpoint of a side of •F(r). Proposition 4.36 
shows that T(r) is finite-sided, hence Vj n is finite. Thus, in turn, there exists k > 
such that for all v G Vi n , a(w) > k. Each inner vertex of K, is Goo -equivalent to some 
element of Vi n - Since the angle is invariant under Goo, the statement is proved. □ 

Recall the geodesic projection pr^ : H 9 \ {00} — > R from p. 27. 

Theorem 4.38. //Rel 7^ 0, then let v be a vertex ofJC and set r := pr^ (v) = Re(w) . 
//Rel = 0, i/ien picfc any rel. The setJF{r) is a geometrically finite, exact, convex 
fundamental polyhedron for T in H . 

Proof. Theorem 4.15 shows that T(r) is open and Proposition 4.36 states 

o 

that F(r) is a convex polyhedron. Therefore, Fyr) = T{r). By Theorem 4.15 
and Proposition 4.36, it remains to show that T(r) is locally finite and that F(r) 
is exact. If Rel = 0, then T(r) = (r, r + A) + iE + . Obviously, T{r) is locally finite 
and J-{r) is exact. 

Suppose that Rel 7^ 0. We start by determining the exact boundary structure 
of T(r). Let s be the relevant part of some relevant isometric sphere and suppose 
that pr oc (,s) n (r, r + A) 7^ 0. We claim that pr oc (s) C [r, r + A]. Let Ii be a relevant 
isometric sphere such that its relevant part si has v as an endpoint. Suppose that 
r 6 proo(s) and note that r G pr oc (si). Lemma 4.35 implies that 

r G pr^ ) 1 (pr 00 (r)) n/CCsflsi. 

Thus s and si intersect. By Lemma 4.20, either s = si or s PI si = {w}. In both 
cases, u is an endpoint of s. Therefore, since pr OQ (s)n(r, r+X) pr oc (,s) C [r, 00). 
If r ^ pr oc (s), then clearly pr oc (s) C (r, 00). [PohlO, Corollary 3.16] shows that 
JC is Too-invariant, and so is dJC. Therefore v + A is a vertex of /C. A parallel 
argumentation shows that pr co (s) C (— oo,r + A]. Hence pr oc (s) C [r, r + A]. 

Because Tocir) is connected, we find that s C dF(r). Hence, if the relevant part 
of some relevant isometric sphere contributes non-trivially to dJF(r), then this rel- 
evant part is completely contained in dT(r). In combination with Proposition 4.34 
we see that d!F(r) consists of two vertical sides and a (finite) number of relevant 
parts of relevant isometric spheres. 

Suppose first that S is a vertical side. Then t e x T(r) nJ(r) = S for either e = 1 
or £ = — 1. Suppose now that S is a non- vertical side, and let / be the relevant 
isometric sphere with relevant part S. Suppose that g € rxToo is a generator of /. 
Proposition 4.29 shows that gS is the relevant part of I(g~ 1 ). Then there is some 
to G Z such that t™gS intersects non-trivially a non- vertical side of !F{r). Since 
t" x l gS is the relevant part of /((f^)" 1 ), it is a side of JF(r). Now, I(t" x l g) = 1(g), 
and therefore (t" L g)' 1 F(r) P\J-(r) = S. Thus, J-(r) is exact if T(r) is locally finite. 

Now let z G H . If z is L-equivalent to some point in J-(r) or is contained in 
a side of F(r) but not an endpoint of it, then the (argument for the) exactness of 
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T(r) shows that there is a neighborhood of U which intersects only finitely many 
T-translates of F{r). Suppose that z is an endpoint in H of some side of F{r). 
Then z is an inner vertex of /C. Suppose that there is v £ J~(r) and g G T such 
that gv = z. Since J-(r) is a fundamental domain, v € dJ-(r). Proposition 4.29 
implies that v is an inner vertex of JC as well. Then Corollary 4.37 implies that 
there are only finitely many pairs (v,g) £ Fir) x T such that gv = z. Hence there 
is a neighborhood U of z intersecting only finitely many T-translates of J-(r). □ 

A subgroup A of PSL(2,R) is called geometrically finite if there is a geometri- 
cally finite, exact, convex fundamental polyhedron for A in H. 

Corollary 4.39. The group T is geometrically finite. 

We end this section with a discussion of the nature of the points in dgTfr). 
The limit set of T is the set L(T) of all accumulation points of T ■ z for some z £ H. 
Further L(T) is a subset of d g H, moreover, for each pair Zi,Z2, the accumulation 
points of r ■ z\ and T ■ zi are identical. 

Theorem 4.40. Let r be as in Theorem 4-38. Then d g F{r) n L(T) is finite and 
consists of cuspidal points of V . Moreover, each cusp ofT has a representative in 
d g T(r)nL(T). 

Proof. The first statement is an application of [Rat06, Corollary 3 of Theo- 
rem 12.4.4] to Theorem 4.38. The second statement follows immediately from the 
combination of Theorem 12.3.6, Corollary 2 of Theorem 12.3.5, Theorems 12.3.7 
and 12.1.1 in [Rat06]. □ 

Corollary 4.41. IfT is cofinite, then each infinite vertex of K. is two-sided and a 
cuspidal point ofT. 

PROOF. In [Kat92, Theorems 4.5.1 and 4.5.2] it is shown that T is cofinite if 
and only if L(T) = dH. Then the statement follows from Theorem 4.40. □ 

4.1.6. A characterization of the group T. Let A be a geometrically finite 
subgroup of PSL(2, R) of which oo is a cuspidal point. By [Rat06, Theorem 6.6.3] 
the group A is discrete. In this section we show that A satisfies (Al) (and (Al')), 
i. e., for each z € H, the set 

H z = {ht(gz) | g e A} 

is bounded from above. This shows that the conditions on T from the previous 
sections arc equivalent to require that T be geometrically finite and has oo as 
cuspidal point. The strategy of the proof is as follows. 

Let := (qi) be the generator of Aoo with fj, > and recall that for each 
a £ K, the set 

^oo(a) := pr^ 1 ((a, a + //)) D H 

is a fundamental domain for A^. We show that there is a geometrically finite, 
exact, convex fundamental polyhedron P for A in H of which oo is an infinite 
vertex. Then there exist a £ R, r > and a finite number Pi, . . . ,P; of T-translates 
of P such that 

i 

N(a) :={zeH \ ht(z) > r}nJ»(fl) = {z £ H \ ht(z) > r} n [j P r 
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Now, for each z £ H, the set N(a)HT ■ z is finite, which implies that T-L z is bounded 
from above. 

The following definition is consistent with Definition 4.22. 

Definition 4.42. Let P be a convex polyhedron in H . We call x £ d g P an infinite 
vertex of P if x is the endpoint of a side of P. 

Lemma 4.43. There exists a geometrically finite, exact, convex fundamental poly- 
hedron P for A which has oo as an infinite vertex. 

Proof. Let D{p) be a Dirichlet domain for A with center p. Then D(p) is 
a geometrically finite, exact, convex fundamental polyhedron for A. By [Rat06, 
Theorem 12.3.6] there exists g £ A such that oo <E gd g D(p). Now, gD(p) = D(gp), 
hence oo £ d g D(gp). Then [Rat06, Corollary 2 of Theorem 12.3.5, Theorem 12.3.7] 
shows that oo is an infinite vertex of D(gp). Set P := D(gp). □ 

Let P be a geometrically finite, exact, convex fundamental polyhedron for A 
of which oo is an infinite vertex. For each side S of P let g$ £ A be the unique 
element such that S = Pn g' s 1 (P). The existence and uniqueness of g$ is given by 
[Rat06, Theorem 6.7.5]. The set g s (S) is a side of P. The set 

Q := {gs | S is a side of P} 

is called the side-pairing of P. Each infinite vertex of P is an endpoint of exactly 
one or two sides of P. We assign to each infinite vertex of x of P one or two finite 
sequences ((xj, c?j)) by the following algorithm: 

(step 1) Set x\ := x and let Si be a side of P with endpoint x\. Set gj := ^ and 

let X2 := gi(xi). Set j := 2. 
(step j) If Xj is an endpoint of exactly one side, then the algorithm terminates. 

In this case, Xj does not belong to the sequence. If Xj is an endpoint of 
the two sides gj-i(Sj-i) and Sj of P, then set gj := gg. . If Xj = x\ 
and Sj = Si, the algorithm terminates. If Xj ^ x\ or Sj 7^ Si, set 
Xj + \ := gj{xj) and continue with (step j + 1). 
Since P is finite-sided (see [Rat06, Corollary 2 of Theorem 12.4.1]), the previ- 
ous algorithm terminates for each x £ d g P. 

Lemma 4.44. Let S be a side of P with endpoint 00. Then gs(po) is an endpoint 
of two sides of P. 

Proof. For contradiction assume that a '■= gs{oo) is an endpoint of only one 
side of P. Then there exists b £ M. such that the interval (a, b) is contained in d g P. 
Then there is r > such that K := (a, b) + i(0,r] is contained in P. Note that 
gg 1 (6) £ M. The set g^ 1 ^ ), and therefore g i g :1 (P ), contains one of the open 
half-spaces {z £ H \ Kez > g^ 1 ^)} and {z £ H \ Rez < g^ib)}. Both of which 
contain points that are equivalent under t^, which is a contradiction to gg 1 (P°) 
being a fundamental domain for A. Thus, the claim is proved. □ 

Proposition 4.45. Let , gj)) j_ 1 k be one of the sequences assigned to x = 00. 
Then there exists a £ K, m £ No and r > such that 

k m 

{z £ H I ht(z) > r} n |J ft" 1 • • • ^P = {z e P I ht(z) > r} n |J tp^fc). 

3=1 i=o 
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Further, there exists I G {1, . . . , k} such that 

i 

{zeH\ ht(» > r} n |J g^ 1 ■ ■ ■ gj l P = {z G H | ht(z) > r} n J^(a). 
j=i 

Proof. Let T\ = [ai,oo], = [a2,oo] be the two sides of P of which oo 
is an endpoint. Suppose that Reai < Rea2 and suppose further for simplicity 
that S'l = T2. The argumentation for Si = T\ is analogous. For j — 1, . . . , k let 
Sj = [a,j,Xj] be the side of P such that gj = gsj, and set /ij+i := gjgj—i ■ ■ ■ gig\ 
and /ii := id. By construction, = h^oo and 

/it + \p n hfP = hj'igj'P n P) = ^s,-. 

for j = 1, ... , fc. Set r := max { ht(/i^~ ay) | j = 1, . . . , fc}. Further define 

PT r := {z G if I ht(z) > r}. 

Then 

pr^ 1 ([Reoi.Reftj 1 ^]) H PT r = h^ 1 PC\H r 
and Si, h^ 1 S2 are precisely the (vertical) sides of h^ X P with 00 as an endpoint. 
Inductively one sees that, for j = 2, . . . , k + 1, 

3 

(4.5) pr" 1 ([Reoi.Re/iT^j]) n H r = [j h[ 1 PnH r 

1=2 

and Si, hj 1 Sj are the two (vertical) sides of |Jf=2 hi~ 1 P having 00 as an endpoint. 
By iterated application of Lemma 4.44, we find that Xk = x\ and Sk = Si- Then 
hkX\ = Xk — x\ and thus h={\ '\ A ) for some n G Z. Since S\ — h^ l Sk = Si, 
the set 

K := pr^ 1 ([Rcai,Re/i i T 1 a/ £ ]) n H r 
has width \n\fj,. With a := Recti and m := \n\ — 1 we get 

m 

k = H r n (J ^^(0). 

Now, let 2 be the minimal element in {1, . . . , k} such that 

l 

H r n Fooia) C F r n |J /i^P 

By (4.5), to show equality, it suffices to show that the vertical sides of both sets 
are identical. The geodesic segement [a + ir, 00], which is contained in Si, is one of 
the vertical sides of H r n Foo(a) and of H r n U'=2 h^P- The other vertical side of 
H r n .Foo(a) is the geodesic segment b := [a + fi + ir, 00]. Assume for contradiction 
that b is not a vertical side of H r n Uj=2 ^J lp - Then the minimality of 2 implies 
that (a + /i + ir, 00) C h^ 1 P . Let tt> G (a + ^ + ir, 00). Then G Si and 

G P°. This means that the orbit Aw contains elements in P° and in dP, which 
is a contradiction to P° being a fundamental domain. Hence & is a vertical side of 

H r n \J l J= 2 h J lp aild 

i 

H r n 7^(0) = pt,. n y fc^p. □ 

3=2 
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Theorem 4.46. For each z G H , the set T-L z is bounded from above. 

Proof. Fix a geometrically finite, exact, convex fundamental polyhedron P 
of which oo is an infinite vertex. In particular, P is finite-sided. For r > set 
H r := {z £ H | ht(z) > r}. Proposition 4.45 shows that we find a £ K, r > and 
finitely many elements hi , . . . , hk G A such that 

k 

H r n (J ftjP = # r n J"oo(a). 

i=i 

Choose r > so that, for each j = 1, . . . , fc, only the vertical sides of hjP with 
cndpoint oo intersect H r . Let e > and set s := r + e. Obviously, 

fc 

# s n (J h j P = H s nJ r 00 {a). 

3=1 

Let z £ H and consider 

HT s (z) := {ht(.gz) | .g G A,ht(.gz) > s}. 

We will show that HT s (z) contains only finitely many elements. More precisely, 
we will show that #HT r (z) < k + 2. Assume for contradiction that there are 
k + 3 elements in HT s (z), say 6i, . . . , 6^+3 • Then there exist <?i,---,fffc+3 € A 
such that 6; = ht(gzz). Since the height of a point in if is invariant under Aoo, 
the elements gi, . . . , gk+3 are pairwise Too-inequivalent. Moreover, we can suppose 
that giz G ^00(0) for each I = 1, . . . , k + 3. Let V be a connected neighborhood 
of giz such that, for each I = l,...,k + 3, the neighborhood g/ffj" of is 
contained in H r and intersects at most two T-translates of P. Moreover, for a 7^ 6, 
suppose ffa^r 1 ^ n SbSf 1 ^ = 0- By t ne choice of s, such a V exists. Thus, there 
are ho, hk+i G A such that 

fc+i 

gig^V c (J hj-p 

for each Z = 1, . . . , k + 3. Fix an element w £ V such that w £ hj ± P° for some ji £ 
{0, . . . , k + 1}. For each Z = 1, . . . , k + 3, there exists a (unique) ji £ {0, . . . , k + 1} 
such that gjgi 1 w £ h^P . Since P° is a fundamental domain for A and g a gi 1 w 7^ 
gbgi w for a 7^ b, it follows that j' Q 7^ j;,. But now 

^{gig^w \l = l,...,k + 3}>k + 2 = #{0, . . . , k + 1}. 

This gives the contradiction. Hence HT s (z) is finite, which implies that H z is 
bounded from above. □ 

4.2. Precells in H 

Throughout this section let T be a discrete subgroup of PSL(2, R) of which 00 is 
a cuspidal point and which satisfies (Al), or, equivalently, let T be a geometrically 
finite subgroup of PSL(2,M) with 00 as cuspidal point. To avoid empty statements 
suppose that the set Rel of relevant isometric spheres is non-empty, or in other 
words, that T 7^ Too. As before let K, := P| JgIs extI and suppose that t\ := ( J \ ) 
is the generator of with A > 0. For r £ ffi set J-oo{r) := (r, r + A) + and 
Hr) :=J"oo(r)n/C. 

This section is devoted to the definition of precells in H and the study of some 
of their properties. To each vertex of K we attach one or two precells in H, which 
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are certain convex polyhedrons in H with non-empty interior. Precells in H are the 
building blocks for cells in H and thus for the geometric cross section. Moreover, 
precells in H determine the precells in SH and therefore influence the structure 
of cells in SH, the choice of the reduced cross section and its labeling. There are 
three types of precells, namely strip precells, which are related to one-sided infinite 
vertices, cuspidal precells, which are attached to one- and two-sided infinite vertices, 
and non-cuspidal precells, which are defined for inner vertices. For the definition 
of strip precells we need to investigate the structure of d g JC in the neighborhood of 
a one-sided infinite vertex, which we carry out in Section 4.2.1. In that section we 
introduce the notion of boundary intervals, which completely determine the strip 
precells. 

In Section 4.2.2 we define all types of precells in H and investigate some of 
their properties. For this we impose the additional condition (A2) on T, which 
is defined there. In particular, we will introduce the notion of a basal family of 
precells in H and show its existence. A basal family of precells in H satisfies 
all properties one would expect from its name. It is a minimal family of precells 
in H such that each preccll in H is a unique r^-translatc of some basal precell. 
For each precell A in H there is a basal family of precells containing A, and the 
cardinality of each basal family of precells in H is finite and independent from the 
choice of the particular precells contained in the family. Its existence is shown via a 
decomposition of the closure of the isometric fundamental domain T{r) for certain 
parameters r. In Section 4.4 these basal families of precells in H are needed to 
define finite sequences, so-called cycles, of basal precells and elements in T \ 
which are used for the definition of cells in H. 

We end this section with the proof that the family of all T-translates of precells 
in H is a tesselation of H . This fact will show, in Section 4.4, that also the family 
of all T-translates of cells in H is a tesselation of H , which in turn will allow to 
define the base manifold of the geometric cross section. 

4.2.1. Boundary intervals. If one considers an isometric sphere as a subset 
of H 9 , then the set of all isometric spheres need not be locally finite. For example, 
in the case of the modular group PSL(2, Z), each neighborhood of in H 9 contains 
infinitely many isometric spheres. Therefore, a priori, it is not clear whether the 
set of all relevant isometric spheres is locally finite in H 9 . This in turn shows that 
it is not obvious whether or not the set of infinite vertices of K. has accumulation 
points and if so, whether these accumulation points are infinite vertices. In Propo- 
sition 4.50 below we will show that if v is a one-sided infinite vertex of K,, then 
there is an interval of the form (v, w) in d g K,. Moreover, if (v,w) is chosen to be 
maximal, then w is a one-sided infinite vertex as well and w is uniquely determined. 
The main idea for this fact is to use that the fundamental domains J-(r), r g K, 
from Proposition 4.36 are finite-sided and that, for an appropriate choice of the pa- 
rameter r, the infinite vertices of F{r) in R coincide with the infinite vertices of /C 
in the relevant part of d g H . Moreover, we will show that the set pr^((v, w))r)H is 
completely contained in /C, which will be crucial for the properties of strip precells 
in H. For the proof of Proposition 4.50 we need the following three lemmas. 

Lemma 4.47. Let I be an isometric sphere and z G intR (pr 00 (J)j . Then we have 
pr^(z)nd/C^0. 
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Proof. Suppose that I is the complete geodesic segment [x, y] with x < y. 
Then intR (pr 00 (/)) is the real interval (x,y). Suppose that z G (x, y). Fix e > 
such that (z — e, z + e) C (x,y). Then B e (z) C int/. Moreover, the geodesic 
segment (z, z + ie) is contained in 

|J mtj = (J int J = C P| cxt J = C/C. 

JGIS JGIS JGIS 

Thus pr^ 1 (z)nC/C 7^ 0. Lemma 4.33 shows that pr^(z)(lK. ^ 0. Since the geodesic 
segment (z,oo) is connected, it intersects dK.. □ 

Lemma 4.48. Let I and J be relevant isometric spheres with relevant parts si and 
sj. If 

P r oo( s /) nint R (pr QO (sj)) ^ 0, 

then I = J . 

Proof. Since pr 00 (s/) and pr oc (sj) are intervals in K, the set pr oc (s/) n 
intR (pr 00 (sj)) is an open interval, say 

(a,b) := pr oc (s/) n int K (pr oc (s J )). 

Let ai,bi G s/ resp. a,/, 6,/ G sj such that 

(a,b) = (pr 0O (o / ),pr 0O (6 / )) = (pr 00 (a J ) ! pr 00 (6 J )). 

Lemma 4.35 shows that 

(a / ,fe / )=pr^ 1 ((a,6))na/C=(a J ,& J ). 

Hence the complete geodesic segments I and J intersect non-trivially, which implies 
that they are equal. □ 

Lemma 4.49. Let v be an infinite vertex of IC. Then the geodesic segment (v,oo) 
is contained in K. 

Proof. By the definition of infinite vertices we find a relevant isometric sphere 
/ with relevant part sj such that v is an endpoint of s/. Assume for contradiction 
that there is z G (v, oo) such that z ^ IC. Then z G C/C = Ujgis mt J- ^ 1C ^ 
an isometric sphere J G IS such that z G int J. This and z £ H implies that 
pr oc (z) G intR (pr oc (J)). The combination of Lemmas 4.47 and 4.20 shows that 
there is a relevant isometric sphere L such that its relevant part sl intersects (v, oo) 
in H. Let sl — [a,b] with Re a < Re&. We will show that all possible relations 
between a, b and v lead to a contradiction. 

Suppose first a G (v, oo). Then a is the intersection point of sl with (v, oo) 
and hence in H. But then a is an inner vertex, which implies (see Lemma 4.20) 
that there is a relevant isometric sphere Li with relevant part S2 ■= [c, a] and 
Rec < Re a. Then 

P r oo( s 2) Upr oc (s L ) = [Rec, Re 6], 
which contains v in its interior. Hence either pr oc (s 2 ) n inta (pr oc (s/)) ^ or 
pr oc (si) n intR (pr oc (s/)) 7^ 0. By Lemma 4.48 either L 2 = I or L = I. In 
each case v = a, which contradicts to a being an inner vertex. An analogous 
argumentation shows that b ^ (v, 00). 

Suppose that Re a < v < Re 6 (which is the last possible constellation). Then 
there is e > such that (v — e,v + e) C [Rea,Re6] = pr oc (si). It follows that 
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pr^ (sl) H intjR (pr 00 (s/)) ^ and therefore I = L. But then sl cannot intersect 
(v,oo) in H. This is a contradiction. Hence (v,oo) £ JC. □ 

Proposition 4.50. Let v be a one-sided infinite vertex of )C. Then there exists a 
unique one-sided infinite vertex w of/C such that the vertical strip pr^, 1 w))C\H is 
contained in JC. In particular, pr^ ) 1 ((w, w)) does not intersect any isometric sphere 
in H, and, of all vertices of JC, pr^ 1 ((u, w)) contains only v and w. 

Proof. Let / be the relevant isometric sphere with relevant part sj of which v 
is an endpoint. W.l.o.g. suppose that I is the complete geodesic segment [v, x] with 
v < x. Consider the fundamental domain T(v) = !Fco(v) H JC of L in H . Let Vr be 
the set of endpoints in K of the sides of ^(v) . Our first goal is to show that Vr is the 
set V v of all infinite vertices of JC in [v, v + A]. Lemma 4.49 shows that (v, oo) C JC. 
Then (v, oo) C /CHi9J r 00 (D), and hence (v, oo) is a vertical side of !F(v) with endpoint 
v. By [PohlO, Corollary 3.16], JC is Loo-invariant. Therefore v + A is an infinite 
vertex of JC. Analogously to above we see that v + A £ Vr. Proposition 4.34 shows 
that the elements in Vr PI (v , v + A) are endpoints of non- vertical sides of F{v) and 
that the set of non-vertical sides of J-(v) is given by 

{J n dJ-(v) | J contributes to dT(v)}. 

Let w £ Vr n (v, v + A) and J £ IS such that the side J n dF{v) of ^(u) has w as 
an endpoint. Theorem 4.15 implies that 

J n dT{v) = Fooiv) n J n die. 

This shows that J is relevant and that w is an endpoint of its relevant part. Hence, 
w e V„. Conversely, suppose that w £ V v fl (w, w + A). Then there is a relevant 
isometric sphere L such that its relevant part sl has w as an endpoint. Suppose 
sl = [a,w]. Since J^oo^v) is the open, convex vertical strip (v,v + A) + iR + and 
wE (v, v + A), there exists b £ sl such that the geodesic segment [6, u>] is contained 
in .Foo(w). Then 

[i>,H c j" 00 (v)nLna/c, 

which shows that w is an endpoint of some side of F(v). Thus, w £ Vr and Vr = V v . 

Now we construct the vertex w of JC with the properties of the claim of the 
proposition. Proposition 4.34 states that T(v) is finite-sided. Thus Vr is finite. 
This and the fact that Vr \ {v} is non-empty show that 

w := min Vr\{i>} 

exists. We claim that pr^ 3 1 ([w, w]) H H is contained in JC. The proof of this claim 
will also show the other assertions of the proposition. Assume for contradiction 
that there exists z £ pr^ c 1 ([w, w]) fl H such that z ^ JC. Because C/C = Ujgis mt J 
by Proposition 4.6, we find J £ IS such that z £ hit J. This and z £ H shows that 
pr oc (z) £ intH (pr 00 (J)J. Lemmas 4.47 and 4.20 imply that there is a relevant iso- 
metric sphere whose relevant part intersects pr^ c 1 ([u, w]) in i7. By Proposition 4.34 
there are only finitely many of these, say I\,...,I n . Suppose that their relevant 
parts are Sj := [a,j, bj], j — 1, . . . , n, resp., with Reaj < Kebj and suppose further 
that Reai < Rea/c for k — 2, . . . , n. We will show that a\ £ V t , with ai < w. 
By choice, there is z £ pi^f([v, w]) n H such that z £ {a\,bi\. Lemma 4.49 shows 
that pr^ 1 (u)niJ and pr^ c 1 (w)ni? are contained in JC. Since si C dJC and JC is open, 
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si DpT^({v,w}) n H = 0. Hence z e pr^ c 1 ((w, w)) n F. Since pr^ ) 1 ((w,w)) n i? is 
connected, it follows that 

(oi,6i) C pr' 1 ((«,«;)) nF. 

Then ai G pr^ c 1 ([u, w)). Since f is one-sided, ai ^ u. As before, ai ^ pr^ c 1 (w) n iJ. 
Therefore a\ G pr^ c 1 ((i), w)). If ai is an inner vertex, then Lemma 4.20 shows 
that there is a relevant isometric sphere Iq with relevant part so = [c, ai] and 
Rec < Rcai. Then so n pr^Qu, w]) H i? 7^ 0. Hence Jo £ {-^1, ■ • ■ ,In} and thus 
Rcc < Reai. This is a contradiction. Thus, ai is an infinite vertex of /C. Then 
ai G Vk n {w } with a\ < w = min Vr \ {u}. This is a contradiction. Therefore 
P T oo([ v i w ]) H is contained in /C, does not intersect any isometric sphere, w is 
one-sided and unique and pr^ c 1 ([w, w] contains only v and w of all vertices of K.. □ 

Definition 4.51. Suppose that v is a one-sided infinite vertex. Let w be the unique 
one-sided infinite vertex of JC such that the set pr^ c 1 ((v, w}) does not intersect any 
isometric sphere in H , which is given by Proposition 4.50. The interval (v, w) is 
called a boundary interval of /C, and u> is said to be the one-sided infinite vertex 
adjacent to v. 

Example 4.52. Recall the group L from Example 4.21 and the set K, from Exam- 
ple 4.23. The boundary intervals of K. are the intervals [1 + 4m, 3 + 4m] for each 
m G Z. 

4.2.2. Precells in H and basal families. In this section we introduce the 
condition (A2), define the precells in H and investigate some of its properties. In 
particular, we construct basal families of precells in H . The statement of condi- 
tion (A2) and the definition of precells in H needs the notion of the summit of an 
isometric sphere. 

Definition 4.53. The summit of an isometric sphere is its (unique) point of max- 
imal height. 

Lemma 4.54. Letg=( a c b d )e PSL(2, K) \PSL(2, E)^ . Then the summit of 1(g) 
is 

d i 

S= + ]-T> 

c \c\ 

and the summit of I(g~ r ) is gs. Moreover, the geodesic projection pr oc (s) of s is 
the center g^ 1 00 of 1(g). 

Proof. W.l.o.g. we may assume that the representative (™^) in SL(2,K) of 
g is chosen such that c > 0. Since 

I(g) = {zeH\ \ z +i\ = i}, 
we find that s = — - + - and pr oc (s) = — - = <7 _1 oo. Further, 

as + b 1 —ad + be + ia a i 
^ cs + d c —d + i + d c c 
is the summit of /(g _1 ). □ 

From now on we impose the following condition on P: 

For each relevant isometric sphere, its 
(A2) summit is contained in dJC but not a 

vertex of K. 
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The examples in the previous sections show that there are subgroups of PSL(2,K) 
satisfying all the requirements we impose on P. However, in Section 4.3 we provide 
an example of a geometrically finite subgroup of PSL(2, R) of which oo is a cuspidal 
point but which does not fulfill (A2). 

We now define the precells in H. Recall that JC = H/gis extJ. In the following 
definition we implicitely make some assertions about the geometry of these precells. 
These will be discussed in the Remark 4.56 just below the definition. 

Definition 4.55. Let v be a vertex of JC. Suppose first that v is an inner vertex 
or a two-sided infinite vertex. Then (see Lemma 4.20 resp. Definition 4.22) there 
are (exactly) two relevant isometric spheres Iy, I2 with relevant parts [ai,i>] resp. 
[v,b2\- Let si resp. S2 be the summit of I\ resp. 1%. 

If v is a two-sided infinite vertex, then define A\ to be the hyperbolic triangle 1 
with vertices v, s\ and 00, and A2 to be the hyperbolic triangle with vertices v, S2 
and 00. The sets A\ and A2 are the precells in H attached to v. Precells arising 
in this way are called cuspidal. 

If v is an inner vertex, then let A be the hyperbolic quadrilateral with vertices 
si, v, S2 and 00. The set A is the precell in H attached to v. Precells that are 
constructed in this way are called non- cuspidal. 

Suppose now that v is a one-sided infinite vertex. Then there exist exactly one 
relevant isometric sphere / with relevant part [a, v] and a unique one-sided infinite 
vertex w other than v such that pr^ 1 ((w, w)) does not contain vertices other than 
v and w (sec Proposition 4.50). Let s be the summit of /. 

Define A\ to be the hyperbolic triangle with vertices v, s and 00, and A2 to 
be the vertical strip pr^ c 1 ((w, w)) fl H. The sets A\ and A2 are the precells in H 
attached to v. The precell Ai is called cuspidal, and A2 is called a strip precell. 

Remark 4.56. Let A be a precell in H . We use the notation from Definition 4.55. 

Suppose first that A is a non-cuspidal precell in H attached to the inner vertex 
v. Condition (A2) implies that si 7^ v 7^ S2- Therefore A is indeed a quadrilateral. 
The precell A has two vertical sides, namely [si,oo] and [s2,oo], and two non- 
vertical ones, namely [si,v] and [v, 52]- Moreover, (A2) states that si is contained 
in the relevant part of I\. Hence [si,u] is a geodesic subsegment of the relevant 
part of I\. Likewise, [v, S2] is contained in the relevant part of J2. The geodesic 
projection of A from 00 is 

pr^C-A) = (Re s u Re s 2 ). 

Suppose now that A is a cuspidal precell in H attached to the infinite vertex v. 
Then A has two vertical sides, namely [v, 00] and [s, 00], and a single non- vertical 
side, namely [v,s\. As for non-cuspidal precells we find that [v,s] is contained in 
the relevant part of some relevant isometric sphere. The geodesic projection of A 
from 00 is 

P r oo(-4) = (Res,u). 

Suppose finally that A is the strip precell pr^ c 1 ((w, w)) fl H. Then A is attached to 
the two vertices v and w. It has the two vertical sides [v, 00] and [w,oo] and no 
non-vertical ones. The geodesic projection of A from 00 is 

P r oo(^) = ( V ' W )- 



We consider the boundary of the triangle in H to belong to it. 
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In any case, A is a convex polyhedron with non-empty interior. Therefore A° = A 
and d(A°) = dA. 

Example 4.57. The Heckc triangle group G n from Example 4.16 has only one 
precell A in H, up to equivalence under (Gn)^. Its is given by 

A= {z G H | |,z| > 1, |z- A„| > 1,0 < Rcz < A,J. 

This precell is non-cuspidal. 




A„ + i 



Figure 7. The precell A of G n . 

Example 4.58. The precells in H of the congruence group PFo(5) from Exam- 
ple 4.17 are indicated in Figure 8 up to Pro(5)oo-equivalence. 



A(v ) 



A( Vl ) 



A(v 2 ) 



A(v 3 ) 



A(v A ) 




«o = 



«4 = 1 



Figure 8. Precells in H of Pr (5). 



The inner vertices of K, are 

2k + 1 . V3 



Vk = 



i — . J\i - — - 1 , 2 . 3 , 
10 10 ' ' ' ' 



and their translates under Pro(5)oo. The summits of the indicated isometric spheres 
are 

k i 

m k = - + -, k = 1, ... ,4. 

The group Pro (5) has cuspidal as well as non-cuspidal precells in H, but no strip 
precells. 
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Example 4.59. The precells in H of the group T from Example 4.21 are up to 
Too-equivalence one strip precell Ai and two cuspidal precells Ai , A3 as indicated 
in Figure 9. Here, v\ = —3, V2 = — 1, V3 = 1 and m = i. 




Figure 9. Precells in H of T. 



The following lemma is needed for the proof of Proposition 4.61. Beside that, 
the combination of this lemma and Remark 4.56 shows that our definition of non- 
cuspidal precells in H coincides with that in [Vul99] in presence of condition (A2), 
whereas cuspidal and strip precells are not precells in the sense of [Vul99]. 

Lemma 4.60. If A is a precell in H, then 

A = p^ 1 ( Woo (A))nJC and A° =pr- 1 (pr 00 (.A°))n/C. 

Proof. For a strip precell, this statement follows immediately from Proposi- 
tion 4.50. Suppose that A is cuspidal or non-cuspidal. We start with a general 
observation. Let / be a relevant isometric sphere with relevant part [a, b\. Suppose 
that c,d€ [a,b], d. Lemma 4.35 shows that 

pr^ 1 ( (Re c, Re d)) n dK = [c, d] , 

and Lemma 4.14 states that for each e £ [c,d] the geodesic segment [e, 00) is 
contained in K. Hence, pr^ c 1 ((Rec, Red))H/C is the hyperbolic triangle with vertices 
c, d and 00. 

Suppose that A is a cuspidal precell with vertices v , s and 00, where v is an 
(infinite) vertex of K.. Let / be the relevant isometric sphere whose relevant part has 
v as an endpoint and of which s is the summit. By (A2), s £ dJC. Then Lemma 4.20 
implies that [v, s] is contained in the relevant part of /. Our observation from above 
shows that pr^ 1 ((v, Re s)) n K, is the hyperbolic triangle with vertices v, s and 00. 
Since pr^.A) = (v, Res), the first claim follows. For the second claim note that 
P T oo( v ) n an d pr^oH 5 ) H K. are the vertical sides of A and that the non- vertical 
sides of A are contained in dK.. Since K, is open, the second claim follows. 

Suppose that A is a non-cuspidal precell with vertices Si, v, S2 and 00, where v 
is an (inner) vertex of K,. For j = 1,2, let Ij be the relevant isometric sphere with 
summit Sj and relevant part of which v is an endpoint. As before, we deduce that 
pr^ c 1 ((Re v, Re Sj}) D JC is the hyperbolic triangle with vertices v,Sj and 00. Now 

(pr^ 1 ((Rcv,Resi)) n K) n (pr^, 1 ((Rew,Res 2 )) C\K) = [v,oo). 
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Hence 

(pr- 1 ((He«,Re«i)) n£) U (pr" 1 ((Re v, Rc s 2 )) n K) 
= (pr^ 1 ((Reu,Resi)) U pr^ 1 ((Reu,Res 2 ))) 
= pr^ 1 ((Rcsi,Rcs 2 >) C\K 

is the hyperbolic quadrilateral with cndpoints v, Si,s 2 , and oo. Then pr oc (^l) = 
(Resi,Res 2 ) implies the first claim. The second claims follows as for cuspidal 
precells. This completes the proof. □ 

Proposition 4.61. If two precells in fl have a common point, then either they are 
identical or they coincide exactly at a common vertical side. 

Proof. Let Ai,A 2 be two non-identical precells in fl that have a common 
point. Suppose first that A\ and A 2 are both strip precells in fl and suppose 
that Ai = pr^ 1 ([«i, v 2 }) fl fl and A 2 = pi^([v 3 , V4}) n fl where v\ < U3. From 
Ai n A 2 ^ it follows that 

0^ P r oo (^l 1 )npr oo (^ 2 ) = [«i,«a]n[«3,t;4]. 

Then U3 < v 2 . If t>3 < v 2 , then pi^([vi,v 2 ]) contains the vertex V3 of JC which is 
not v\ or v 2 . This contradicts Proposition 4.50. If Vz = V 2 , then 

pr^ 1 ([«!, u 4 ]) n fl" = ( pr^ 1 ([«i , W2]) nfl)u( pr^ 1 ([«a, u 4 ]) n fl) 

does not intersect any isometric sphere in fl. But then v 2 is not a vertex of 1C. 
This is a contradiction. Hence, strip precells are either identical or disjoint. 

Suppose now that A 2 is not a strip precell. Let z £ AiC\A 2 . Remark 4.56 shows 
that for j = 1,2, the set pr 00 (^ J ) is a closed interval in K and that pr oc (^l°) = 
intR (pr oc (^4 :) )) is an open interval in K. Assume for contradiction that z is not 
contained in a vertical side of A\. Then pr oc (z) <E pr oc (^l°) n pr oc (yl 2 ) and hence 
P r oo(^°) n P r oo(^2) 0. Lemmas 4.33 and 4.60 show that 

jt pr" 1 ( proo (^) n proo (^)) n /C = A\ n ^. 

Analogously, we see that „4£ ^ ^2 7^ if z ist not contained in a vertical side of 
A 2 . We can find u» £ A° fl sucn that pr 00 (to) ^ pr oc (w) for each vertex v of /C. 
There is a non- vertical side S of A 2 such that pr 00 (w) <E intR (pr oc (5')). 

Suppose first that Ai is a strip precell. Then pr oc (w) £ pr 00 (A°) H pr tJO (5). 
Recall that S is contained in the relevant part of some relevant isometric sphere. 
By Lemma 4.35 and the definition of strip precell we find 

+ pr" 1 ( proo (AI )npv 00 (S))nlc = AlnS. 

Hence, there is an isometric sphere intersecting A°. This contradicts Proposi- 
tion 4.50. Therefore A° D A 2 = and z is contained in a vertical side of Ai, say 
in (w, 00), and in a vertical side of A 2 , say in (a, 00). Remark 4.56 shows that a is 
cither the summit of some isometric sphere or a is an infinite vertex of K.. 

If a is a summit, then a is not a vertex of K, by (A2). Therefore, there is an 
isometric sphere I such that pr oc (a) £ intR (pr 00 (/)). As before, I intersects A°, 
which contradicts Proposition 4.50. Hence a is an infinite vertex, in which case A 2 
is cuspidal and Ai and A 2 coincide exactly at the common vertical side (w, 00). 



-16 



4. CUSP EXPANSION 



Suppose now that A\ is not a strip precell. Let T be the non-vertical side 
of Ai such that pr 00 (i<;) £ intR (pr oc (T)). We will show that 5 and T intersect 
non-trivially. We have that 

(a, b) := intra ( pr 00 ( 5 ')) n int R ( P r oo( T )) 

is a non-empty interval in K. Lemma 4.35 shows that 

pr- 1 ((a,6))na/CC 1 5nT, 

hence 5 and T intersect non-trivially. Recall that the non- vertical sides of precells in 
H are determined by a vertex v of IC and the summit s of a relevant isometric sphere 
I such that [s, u] is contained in the relevant part of I. Therefore, S = T. This 
implies that Ai and Ai have in common the vertices s, u and oo, which completely 
determine A\ and Ai- Therefore A\ = A2, which contradicts to our hypothesis 
that Ai ^ A 2 . 

Thus, z is contained in a vertical side of A\, say in (ai,oo), and in a vertical 
side of Ai, say in (02, 00). Moreover, a\ is contained in a (unique) non- vertical side 
Si of Ai and ai is contained in a (unique) non- vertical side Si of Ai. The sides 
Si and Si intersect at most trivially. For j = 1 , 2 let Tj be the relevant isometric 
sphere with relevant part Sj such that Sj C Sj. If ai is the summit of ii, then 

P r oo(a2) = Pi'oo(z) = proo(ai) € int R ( pr oc (si)) npr oc (s 2 ). 

Lemma 4.48 shows that I\ = 1%. Then a\ is an endpoint of Si, hence 01 = a 2 and 
(ai,oo) = (a2,oo). Hence Ai and ^2 coincide exactly at the common vertical side 
(<xi,oo). The same argumentation applies if ai is the summit of Ii. 

Suppose now that ai and ai are endpoint of 1\ resp. Ii. Then (see Remark 4.56) 
a\ and ai are infinite vertices of IC and Ai and Ai are cuspidal. Then ai = ai , and 
.Ai and ^2 coincide exactly at the common vertical side (01, 00). □ 

Proposition 4.62. The set K, is the essentially disjoint union of all precells in H , 

K, = \_j{A I A precell in H}, 
and IC contains the disjoint union of the interiors of all precells in H , 

\J{A° I A precell in H} C JC. 

PROOF. Let A := {A \ A precell in H}. Lemma 4.60 implies that [j A C K. 
To prove the converse inclusion relation let z £ IC. Suppose first that 

pr- 1 (pr oo (z))na/C^0. 

Let w € pr^ 1 (pr 00 (z)) n dIC. Then w is contained in the relevant part [a, b] of some 
relevant isometric sphere /. Let s be the summit of /. By (A2), s £ [a,b\. By 
definition, the points a, b are vertices of IC. Then [a, s] and [s, b] are non-vertical 
sides of some precells in H. Since w G [a, s] or w G [s, b], the point w is contained 
in some precell, say w £ A. Since pr oc (w) = pr oc (z), Lemma 4.60 shows that 

z £ pr" 1 (pr^CA)) flK=i. 

Suppose now that pr^ 1 (pr 00 (z)) n 9/C = 0. Then pr 00 (z) is an infinite vertex of IC 
or pr oc (z) is contained in some boundary interval of IC. In the first case, pr^z) 
is the endpoint of a vertical side of some cuspidal precell A. This shows that z £ 
pr^ 1 (pr 00 (z)) C A. In the latter case, z is contained in the strip precell determined 
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by the boundary interval. Therefore, K, C (J A. The remaining assertions follow 
directly from Proposition 4.61, Lemma 4.60 and the fact that K. is open. □ 

Recall that t\ := (J i ) is the generator of Too with A > and that for r £ R 
we defined .FooM = (r, r + A) + iK + and .F(r) = J" 0o (r') n /C. 

Lemma 4.63. Ifr£R is the center of some relevant isometric sphere, then dJ-(r) 
contains the summits of all relevant isometric spheres contributing to dJ-(r), and 
only these. 

Proof. Recall the boundary structure of IF{r) from Proposition 4.34. Let / 
be a relevant isometric sphere with relevant part si. Suppose that r is the center 
of / and s its summit. Lemma 4.54 shows that pr oc (s) = r. Hence s £ (?.Foo(r). 
Since s £ dK, by (A2), (s, oo) is a vertical side of T{r). Thus, s £ dF{r). By (A2), 
s is contained in si but not an endpoint. Since J r 00 ('") is convex, all of its sides are 
vertical and s/ non- vertical, we find that si intersects •Foo(r) n dJC non-trivially. 
Theorem 4.15 implies that s/ intersects dF(r) non-trivially, which shows that / 
contributes to dF(r). 

The other vertical side of JF(r) is (s + A, oo). The Too-invariance of K. shows 
that / + A is a relevant isometric sphere with relevant part s / + A and summit s + A. 
Analogously to above, we see that / + A contributes to dT(r). 

Finally, all other (relevant) isometric spheres that contribute to dT(r) have 
their centers in (r, r + A), and all other summits of relevant isometric spheres con- 
tained in d!F(r) arise from relevant isometric spheres with center in (r, r + A). Since 
Foo{r) is the vertical strip (r, r + A) + iW. + , Lemma 4.20 implies that each relevant 
isometric sphere with center in (r, r + A) contributes to dT{r). If J is a relevant 
isometric sphere with center in (r,r + A), then (A2) shows that its summit s is 
contained in dJC. Hence, s £ dK, n -Foc^r), which means that s £ 9J-"(r). □ 

Remark 4.64. Let r be the center of some relevant isometric sphere /. Further 
let [a, b] be its relevant part with Re a < Re 6 and s its summit. Consider the 
fundamental domain F(r). Lemma 4.20 and 4.63 show that the boundary of T(r) 
decomposes into the following sides: There are two vertical sides, namely [s, ioo] 
and [s + A, ioo], and several non- vertical sides, namely [s, b], [a + A, s + A] and the 
relevant parts of all those relevant isometric spheres with center in (r, r + A) . 

Definition 4.65. Let A be a subgroup of PSL(2,R). A subset T of H is called 
a closed fundamental region for A in H if J- is closed and T° is a fundamental 
region for A in H . If, in addition, F° is connected, then T is said to be a closed 
fundamental domain for A in H. 

Note that if T is a fundamental region for T in H, then T can happen to be a 
closed fundamental domain. 

Theorem 4.66. There exists a set {Aj \ j £ J}, indexed by J, of precells in H 
such that the (essentially disjoint) union Ujgj-^j * s a closed fundamental region 
for r in H . The set J is finite and its cardinality does not depend on the choice of 
the specific set of precells. The set {Aj | j £ J} can be chosen such that Uj e jAj 
is a closed fundamental domain for T in H. In each case, the (disjoint) union 
Uj £ jA° is a fundamental region for T in H. 

Proof. By Proposition 4.61 the union of each family of pairwisc different 
precells in H is essentially disjoint. Let r be the center of some relevant isometric 
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sphere I. The boundary structure of F(r) (see Remark 4.64) and Proposition 4.62 
imply that F(r) decomposes into a set A := {Aj \ j £ J} of precells in H. By 
Proposition 4.34 F(r) is finite-sided. Therefore also the set V of vertices of K, that 
are contained in F(r) 9 is finite. Each vertex of K, determines at most two precells 
in H. Hence J is finite. Moreover, (j-"(r))° = F(r). Therefore F(r) is a closed 
fundamental domain. 

Let A 2 := {Ak | k £ K} be a set of precells in H such that F := IJfceA * s a 
closed fundamental region for V in H . Theorem 4.1 implies that 

K = {j{hA \ h£Y 00 , Ae A}. 

Let ^4fe € A2 and pick z £ _4£. Then there exists /i^ <E Too and jk £ J such that 
hkz £ A,- fc . Therefore hkA° k n 7^ 0. The Too-invariance of K. shows that hkAk 
is a precell in H. Then Proposition 4.61 implies that hkAk = Aj k , and in turn hk 
and jk are unique. We will show that the map ip : K — > J, k t— > jk is a bijection. 
To show that ip is injectivc suppose that there are l,k £ K such that jk = ji ='■ j- 
Then hiAi — Aj — hkAk, hence h^ 1 hiAi = Ak- In particular, h^ 1 hiA° PI A% 7^ 0. 
Since Uhe-R"^ — an< ^ ^ s a fundamental region, it follows that h^hi = id 
and I = k. Thus, ip is injective. To show surjectivity let j £ J and z £ A°. Then 
there exists g £T and k £ K such that gz £ Ak- On the other hand, Ak = h~ k 1 Aj k . 
Hence hkgA° D Aj k ^ 0. Since Aj and Aj k arc convex polyhedrons, it follows that 
hkgA° n Aj k 0. Since T(f) is a fundamental region and A°,A° k C ^(r), we find 
that hkg = id and j = jk- Hence, tp is surjective. It follows that jf=K = #J. 

It remains to show that the disjoint union P := {Jk^K^k 1S a fundamental 
region for T in H. Obviously, P is open and contained in F° . This shows that P 
satisfies (Fl) and (F2). Since (.4°) = A for each precell in H and K is finite, it 
follows that 

p= U A i = U A ^ = T - 

fee A' fee a 

Hence, P satisfies (F3) as well, and thus it is a fundamental region for V in H. □ 

Definition 4.67. Each set A := {Aj \ j £ J}, indexed by J, of precells in H 
with the property that J- := Uj eJ Aj is a closed fundamental region is called a 
basal family of precells in H or a family of basal precells in H. If, in addition, T is 
connected, then A is called a connected basal family of precells in H or a connected 
family of basal precells in H. 

Example 4.68. Recall the Examples 4.57, 4.58 and 4.59. The set {A} resp. 
{A(vq), ... ,.4.(114)} resp. {^li,^,^} of precells in H for G n resp. Pr (5) resp. 
r is a connected basal family of precells in H for the respective group. 

The proof of Theorem 4.66 shows the following statements. 

Corollary 4.69. Let A be a basal family of precells in H. 

(i) For each precell A in H there exists a unique pair (A',m) £ A x Z such that 
t™A' = A. 

(ii) For each A £ A choose an element m(A) £ Z. Then {t™^ A | A £ A} is 

a basal family of precells in H. For each A £ A, the precell tT A is of the 
same type as A. 

(iii) The set K. is the essentially disjoint union [J{hA \ h £ Too, A £ A}. 
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4.2.3. The tesselation of i7 by basal families of precells. Suppose that 
r satisfies (A2). The following proposition is crucial for the construction of cells in 
H from precells in H . Note that the element g € T\T oo in this proposition depends 
not only on A and b but also on the choice of the basal family A of precells in H. 
In this section we will use the proposition as one ingredient for the proof that the 
family of T-translates of all precells in H is a tesselation of H . 

Proposition 4.70. Let A be a basal family of precells in H. Let A £ A be a 

basal precell that is not a strip precell, and suppose that b is a non-vertical side of 
A. Then there is a unique element g £ TnT^ such that b C 1(g) and gb is the 
non-vertical side of some basal precell A' £ A. Lf A is non- cuspidal, then A' is 
non-cuspidal, and, if A is cuspidal, then A' is cuspidal. 

Proof. Let I be the (relevant) isometric sphere with b C I. We will at first 
show that there is a generator g of I such that gb is a side of some basal precell. 
Then gb C gL(g) = I(g~ l ), which implies that gb is a non- vertical side. 

Let h £ r \ Too be any generator of I, let s be the summit of I and v the 
vertex of K, that A is attached to. Then b = [v,s]. Further, b is contained in the 
relevant part of I = 1(h). By Proposition 4.29, Remark 4.30 and Lemma 4.54, the 
set hb = [hv, hs] is contained in the relevant part of the relevant isometric sphere 
/(/i" 1 ), the point hv is a vertex of JC and hs is the summit of J(/i _1 ). Thus, there is 
a unique precell Ah with non- vertical side hb. By Corollary 4.69, there is a unique 
basal precell A' and a unique m £ Z such that 

A h = t" x l A' = A' + mX. 

Then t^ m hb is a non- vertical side of A', and t^ m hb is contained in the relevant 
part of the relevant isometric sphere I(h~ x ) — mX = 7(/i _1 t™) = I((t7 h) -1 ) (for 
the first equality see Lemma 4.3). Lemma 4.2 shows that g := t^ m h is a generator 
of L. 

To prove the uniqueness of g, let k be any generator of /. By Lemma 4.2, there 
exists a unique n £ Z such that k = t™h. Thus, kb = t^hb = hb + nX and therefore 
Ak = Ah + nX. Then 

A k = A' + mX + nX = t™ +n A', 

and t A ( m+n ) k is a generator of L such that t A ^ m+n ^ kb is a side of some basal precell. 
Moreover, 

t -(m+n) k = t ~m t -n k = j-rn^ = g 

This shows the uniqueness. 

The basal precell A' cannot be a strip precell, since it has a non-vertical side. 
Finally, A is cuspidal if and only if v is an infinite vertex. This is the case if and only 
if gv is an infinite vertex, which is equivalent to A 1 being cuspidal. This completes 
the proof. □ 

Lemma 4.71. Let A be a precell in H. Suppose that S is a vertical side of A. 
Then there exists a precell A' in H such that S is a side of A' and A' ^ A. In this 
case, S is a vertical side of A' . 

Proof. We start by showing that each precell in H contains a box of a fixed 
horizontal width. Let A be a basal family of precells in H . Theorem 4.66 shows 
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that A contains only finitely many elements. Let A denote the Lebesgue measure 
on R. Then 

m := min {A(pr oc (yl)) | A G A} 

exists. Corollary 4.69 implies that 

m = min |A(pr 00 (^l)) | A precell in H } . 

Lemma 4.33 shows that we find M > such that 

{zeH \ ht(z) > M} C £. 

Let A be a precell in H and let Si = [ai, oo) and S2 = [0,2-, 00) be the vertical sides 
of A with Recti < Re a^. Remark 4.56 and Lemma 4.60 imply that 

(4.6) K(A) := {z G H | ht(z) > M, Reze [Reai,Rea 2 ]} C A. 

Our previous consideration shows that Reci2 — Reai > to. 

Now let A be a precell in H and let S = [a, 00) be a vertical side of A. W.l.o.g. 
suppose that A C {z £ H \ Kez < Re a}, which means that 5* is the right vertical 
side of A. Consider 

z := Rea+ f +i(M + l). 
Then z e JC. By Corollary 4.69 there is a precell A' with z G A'. Let T = [6, 00) 
be the vertical side of A' such that A 1 C {2: £ if | Rcz > Re 6}, which means that 
T is the left vertical side of A' . Since z ^ A, the prccclls A and A' arc different. 
We will show that A R A' 7^ 0. Assume for contradiction that .A n .A' = 0. Then 
the box 

K := (Re a, Re 6) + i(M, 00) 

does not intersect A and A', but cifiT n A 7^ and dK R A' 7^ 0. Pick w G Iv . 
Then there is a precell A" in H such that to G A". Now tu G if R if (A")- Since 
Re 6 — Re a < m/3 < to, the box K(A") is not contained in K. Therefore we have 
K(A")° R A 7^ or A'(A")° R A' 7^ 0. Then Lemma 4.60 shows that (A")° R A 7^ 
or (A")° R A' 7^ 0. By Proposition 4.61, A" = A or A" = A'. This contradicts to 
w A U A'. Hence A R A' 7^ 0. Proposition 4.61 shows that A and A' coincide 
exactly at a common vertical side. If we assume for contradiction that Re b < Re a, 
then K(A')° R K(A) 7^ (recall that z £ K(A)). But then Lemma 4.60 shows that 
(A')° R A 7^ 0, which by Proposition 4.61 means that A' = A. Hence Re a = Re b 
and therefore S = T. □ 

Proposition 4.72. Let A\,A2 be two precells in H and let 171,32 € r. Suppose 
that giAi R (72A2 7^ 0- T/ien we have either g\A\ = 32A2 and gig^ 1 € Too, or 
$iAi R 32 A2 is a common side of g\A\ and 32 A 2 , or g\A\ R <? 2 A2 is a point which 
is the endpoint of some side of g\A\ and some side of g2A2- If S is a common 
side of g\A\ and 5' 2 A2, then g± S is a vertical side of Ai if and only if g% S is a 
vertical side of A2 ■ 

Proof. W.l.o.g. gi = id. Let A be a basal family of precells in H . Corol- 
lary 4.69 shows that we may assume that Ai € A. Let S\ = [ai, 00] and S2 = [02, 00] 
be the vertical sides of Ai. If Ai has non- vertical sides, let these be S3 = [61,62] 
resp. S3 = [6i,6 2 ] and S4 = [63,64]. Lemma 4.71 shows that we find precells A'i 
and A' 2 such that A[ 7^ Ai 7^ A' 2 and Si is a vertical side of A'i and S2 is a ver- 
tical side of A' 2 - Proposition 4.70 shows that there exist (/i3,A 3 ) G T x A resp. 
(I13, A 3 ), (hi, A' 4 ) G T x A such that /13S3 is a non-vertical side of A' 3 and /14S4 is a 
non- vertical side of A\ and h 3 A\ 7^ A' 3 and /14A1 7^ A 4 . Recall that each precell in 
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H is a convex polyhedron. Therefore Ai U A[ is a polyhedron with (ai,oo) in its 
interior, and A\ U h% A! 5 is a polyhedron with (61,62) in its interior. Likewise for 
Ai U A' 2 and Ai U h^A^. 

Suppose first that A1C]g2A2 7^ 0- By Corollary 4.69 there exists a pair (h, A') £ 
Too x A such that A2 = hA' . Then AiHg2hA' 7^ 0. Since -A' is a convex polyhedron, 
A° n g s /i(-4')° ^ 0- Now U {(-4)° I -4 G A} is a fundamental region for r in H 
(see Theorem 4.66). Therefore, g2h = id and, by Proposition 4.61, Ai = A! . Hence 
92 1 6 and Ai = g 2 A 2 - 

Suppose now that A° n g 2 -4 2 = 0- If .92-42 H (ai, 00) 7^ 0, then g 2 -4 2 n (^'J 7^ 
and the argument from above shows that A\ = g2A 2 and 52 £ Too. From this it 
follows that Si is a vertical side of „4 2 - 

If #2-4 2 n (61,62) + 0, then g 2 A 2 H /i^ 1 ^) 7^ 0. As before, ff2 /i 3 G r m 
and g 2 ^l 2 = 1 A' 3 . Then 53 is a non- vertical side of ^4 2 . The argumentation for 
5 2 v4 2 n (a 2 , 00) 7^ and g 2 A 2 n (63, 64) 7^ is analogous. 

It remains the case that g 2 .4 2 intersects A\ is an endpoint v of some side of A\. 
By symmetry of arguments, v is an endpoint of some side of _4 2 . This completes 
the proof. □ 

Definition 4.73. A family {Sj \ j G J} of polyhedrons in H is called a tesselation 
of H if 

(Tl) H = \J jeJ S j , 

(T2) If Sj n Sk 7^ for some j, k £ J, then either Sj = Sfc or Sj n Sk is a common 
side or vertex of Sj and Sk- 

Corollary 4.74. Lei A be a basal family of precells in H. Then 

T ■ A = {gA I .9 G T, i£A} 

is a tesselation of H which satisfies in addition the property that if g\A\ = g 2 -4 2 , 
then gi = g 2 and A± = A 2 . 

Proof. Let T := \}{A \ A G A}. Theorem 4.66 states that J 7 is a closed 
fundamental region for T in H, hence U 9 er 9-^ = H- This proves (Tl). Property 
(T2) follows directly from Proposition 4.72. Now let (gi,Ai), (52, A2) £ T x A with 
,gi-4i = 52-42- Then giA° = giA\. Recalling that T° is a fundamental region for 
r in H and that A\, A% CJ°, we get that g 1 = g 2 and Ai = A 2 . □ 

4.3. A group that does not satisfy (A2) 

The examples in the previous sections show that there are several subgroups of 
PSL(2,K) that are discrete, have 00 as a cuspidal point and satisfy the conditions 
(Al) and (A2). One might speculate that each geometrically finite group with 00 
as cuspidal point fulfills (A2). 

However, in the following we provide an example of a geometrically finite sub- 
group T of PSL(2,K) with 00 as a cuspidal point that does not satisfy (A2). We 
proceed as follows: The group T is given via three generators. We consider a con- 
vex polyhedron J- which is of the form of an isometric fundamental domain. We 
prove, using Poincare's Theorem, that J- is indeed a fundamental domain for T. 
The shape of T shows in addition that T is cofinite, a property we will not provide 
a proof for and we will not make use of. One of the generators of T is parabolic 
with 00 as fixed point, which shows that 00 is a cuspidal point of T. From J- . we 
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read off the relevant isometric spheres and their relevant parts. At this point we 
will see that T does not satisfy (A2). 
Consider the matrices 

Y)' 5i:= (!l -3) and 52:= (l 3 -3 
and let T be the subgroup of PSL(2,R) which is generated by t, gi and gi- Set 

.93 := 3iff2 



4 -3 
3 -2 



let J'oo := (^-, if) + M+ and (see Figure 10) 

T ■= Foe n ext J(#i) n ext/f^ 1 ) n ext/(g 2 ) H extl(#i# 2 ) H extl((#i3 2 ) _1 )- 




Figure 10. The fundamental domain J 7 
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and the geodesic segments 
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Lemma 4.75. The sides of F are s±, s 2 , S3 U S4, S5, sq, sj and sg. Further we have 
the side-pairing ts± — s$, <?is 2 = s 7 , g2S 3 = S4 and g 3 s§ = sg, where tvo = Vq, 



tvi = v 7 , g±V! = v 7) gxv 2 
Proof. We have 



V6, 92V2 = v it g 2 v 3 = v 3 , g 3 v A = v 6 and g 3 v 5 = v 5 . 
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These isometric spheres are the following complete geodesic segments: 



W 1 ) = [g,g], W 1 ) =[!,§]■ 



This already shows that s\ and ss are the vertical sides of T . Now we determine the 
non- vertical sides of T by investigating with parts of the isometric spheres I(gi), 
I(gi ), I{g2) 1 1(93) an d I(g~~ ) are contained in the interior of some other isometric 
sphere. The remaining parts then build up the non-vertical sides of J- . For that we 
need to find all intersection points of pairs of these isometric spheres. 

One easily calculates that vi is the intersection point of /(<?i) and 1 (92)- Since 
2/11 < 1/5, the segment [1/5, ^2) of 1(172) is contained in int/(gi). Likewise, since 
4/11 < 4/10, the segment (i>2,4/ll] of I(gi) is contained in int/(<72)- Therefore, 
these two segments cannot contribute to the boundary of J 7 . Analogously, one sees 
that V4 is the intersection point of I(g2) and / (c/3), and therefore [1 /3, V4) C int 1(32) 
and (114, 4/10] C int 7(173). Likewise, vq is the intersection point of I(g~~ 1 ) and 
I(g~~ ), hence we have (i>3, 5/3] C int I(g~~ ) and [17/11, vq) C int I(g~~ ). Moreover, 
«5 is the intersection point of I(gs) and Iig^ 1 )- The intersection point of I(gi) and 
1(173) is contained in int /(<?2) because Re(«2) = 14/55 < 1/3. Therefore it is not 
relevant. All other pairs of isometric spheres do not intersect. This implies the 
claim about the sides of J 7 . 

Now one checks by direct calculation the claimed side-pairings. □ 

Proposition 4.76. The set J- is a fundamental domain for T in H . 

Proof. We apply Poincare's Theorem in the form of [Mas71] to show that IF 
is a fundamental domain for the group generated by t, <7i , 52 and g%. This group is 
exactly T. We use the notions and notations from [Mas71]. In particular, we refer 
to the conditions (a)-(g) and (f) in [Mas71]. The sides of IF in sense of [Mas71] 
are the geodesic segments Si, . . . , sg. Obviously, J 7 is a domain and a polygon in 
the terminology of [Mas71]. Note that V3 is also called a vertex. The side-pairing 
of T is given by Lemma 4.75. The conditions (a)-(c) are obviously satisfied. If s 
is a side of J- and g is the element with which s is mapped to another side, then 
s G 1(g)- [PohlO, Lemma 3.13] implies that (d) is fulfilled. The condition (e) is 
trivially satisfied. Concerning the condition (f) we have three chains of infinite 
vertices. One is (vq). An infinite cycle transformation of this chain is t, which is 
parabolic. Another chain is (vi,Vr). An infinite cycle transformation is 



which is a parabolic element. The third one is (1*5) with an infinite cycle trans- 
formation 173, which is parabolic. Hence (F) is satisfied. Finally we have to show 
that (g) holds. For the cycle (^3) this is clearly true since a(vs) — ir. Consider 
the cycle (v2,vq,V4) with the cycle transformation g2g^ 1 gi = id. We claim that 
a(v2) + c((vq) + a(v§) + a(vi) = 2tt. Note that a (1*5) = 0. Let U = B E (v2) be a 
Euclidean ball centered at V2 such that of all sides of IF, the set U intersects only 
S2 and S3, the set g\U, which is a neighborhood of vq by Lemma 4.75, intersects 
only the sides S7 and se and g2U, which is a neighborhood of 1*4, intersects only S4 
and S5. Suppose further, that g-JJ does not intersect the geodesic segment [^5,^7] 
and that g^U does not intersect the geodesic segment [^1,^5]. Moreover, the sets 
U, 9\U and 92U should be pairwise disjoint. Let U\ := U H J 7 , U2 ■= giU n T and 
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U3 := g2UC\J r . We will show that the union C/iUgf 1 £/2U<72^3 is essentially disjoint 
and equals U. Since 0.(112) is the angle inside U\ at U2, and similar for a(ve) and 
a(vi), this then shows that the angle sum is 2tt. 

Lemma 4.75 shows that S7 = S2 and g^ vq = V2- Then the side sq is 
mapped by g± 1 to the geodesic segment [«2,5f X l] = [i>2,2/7]. Thus the hyperbolic 
triangle Pi with vertices U2,i>i, 2/7 coincides with T precisely at the side s\. Note 
that Pi is the image under g^ of the hyperbolic triangle with vertices U5 , i>6, V7 
which contains 1/2- Therefore 

9i X U2 = gi\giU n T) n Pi = U n P x . 

Now 52 maps S5 to the geodesic segment [1*2, 2/7] and S4 to S3. Let P2 be the 
hyperbolic triangle with vertices 1)2,1)3, 2/7. Then 

32C/3 - 52(52^ n T) n p 2 = u n p 2 . 

Now P 2 coincides with J 7 exactly at the side S3 and with P\ exactly at the side 
[^2, 2/7]. Thus, the union JJ\ U gf 1 ^ U 52^3 is essentially disjoint and 

(77 n T) u ([/ n Pi) u (u n p 2 ) = E/. 

This shows that the angle sum is indeed 27r. Hence (g) holds. Then Poincare's 
Theorem states that F is a fundamental domain for the group generated by t, 31, 52 
and 33. □ 

Proposition 4.77. T does not satisfy (A2). 

Proof. Proposition 4.76 states that T is & fundamental domain for L in H . Its 
shape shows that it is an isometric fundamental domain. Therefore, the isometric 
sphere I(gi) is relevant and Si is its relevant part. The summit of I{gi) is s := ^i. 
One easily calculates that s £ int7(g2)- Therefore, L does not satisfy (A2). □ 

Remark 4.78. In [Vul99], Vulakh states that each geometrically finite subgroup 
of PSL(2,M) for which 00 is a cuspidal point satisfies (A2). The previous example 
shows that this statement is not right. This property is crucial for the results in 
[Vul99]. Thus, Vulakh's constructions do not apply to such a huge class of groups 
as he claims. 

4.4. Cells in H 

Let L be a geometrically finite subgroup of PSL(2, R) of which 00 is a cuspidal 
point and which satisfies (A2). Suppose that the set of relevant isometric spheres 
is non-empty. Let A be a basal family of precells in H . To each basal precell in H 
we assign a cell in H, which is an essentially disjoint union of certain T-translates 
of certain basal precells. More precisely, using Proposition 4.70 we define so-called 
cycles in A x r. These are certain finite sequences of pairs (A, h) £ A x LxLqo such 
that each cycle is determined up to cyclic permutation by any pair which belongs to 
it. Moreover, if (A, hjC) is an element of some cycle, then is an element in TxLoo 
assigned to A by Proposition 4.70 (or — id if A is a strip precell). Conversely, 
if tiA is an element assigned to A by Proposition 4.70, then (A, hX) determines a 
cycle in A x TnT^. 

One of the crucial properties of each cell in H is that it is a convex polyhedron 
with non-empty interior of which each side is a complete geodesic segment. This 
fact is mainly due to the condition (A2) of Y. The other two important properties 
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of cells in H are that each non- vertical side of a cell is a L-translate of some vertical 
side of some cell in H and that the family of F-translates of all cells in H is a 
tesselation of H . To prove these facts, we devote a substantial part of this section 
to the study of boundaries of cells. 

4.4.1. Cycles in A x F. 

Remark and Definition 4.79. Let A E A be a non-cuspidal precell in H . The 
definition of prccclls shows that A is attached to a unique (inner) vertex v of K,, 
and A is the unique precell attached to v. Therefore we set A(v) '■= A. Further, 
A has two non- vertical sides b\ and b 2 . Let {ki(A), k 2 (A)} be the two elements in 
TnLoo given by Proposition 4.70 such that bj € I(kj(A)) and kj{A)bj is a non- 
vertical side of some basal precell. Necessarily, the isometric spheres I{k\{A)) and 
I{k 2 {A)) are different, therefore k\(A) 7^ k2{A). The set {ki(A), k2(A)} is uniquely 
determined by Proposition 4.70, the assignment A i-> ki(A) clearly depends on the 
enumeration of the non- vertical sides of A. By Remark 4.30, w '■= kj(A)v is an 
inner vertex. Let A(w) be the (unique non-cuspidal) basal precell attached to w. 
Since one non- vertical side of A{w) is kj(A)bj, which is contained in the relevant 
isometric sphere I(kj(A)^ 1 ), and kj(A)~ 1 kj(A)bj = bj is a non-vertical side of 
some basal precell, namely of A, one of the elements in LxF^ assigned to A(w) 
by Proposition 4.70 is kj(A)^ 1 . 

Construction 4.80. Let A <G A be a non-cuspidal precell and suppose that A = 
A(v) is attached to the vertex v of JC. We assign to A two sequences (hj) of elements 
in F \ Fqo using the following algorithm: 

(step 1) Let vi :~ v and let hi be cither ki(A) or k2(A). Set g\ :— id, g 2 ■= hi 
and carry out (step 2). 

(step j) Set Vj := gj(v) and Aj '■= A(vj). Let hj be the element in TnT^ such 
that {hj,hj\} = {ki(Aj), k 2 {Aj)^. Set gj+\ '■= hjgj. If gj+i = id, then 
the algorithm stops. If gj+\ 7^ id, then carry out (step j + 1). 

Example 4.81. Recall the Hecke triangle group G n and its basal family A = {.4} 
of precells in H from Example 4.57. Let 

U n =T n S=$ 

The two sequences assigned to A are (C/ n )" =1 and (U^ 1 )™ _ r 

Proposition 4.82. Let A = A(v) be a non-cuspidal basal precell. 

(i) The sequences from Construction 4-80 are finite. In other words, the algorithm 
for the construction of the sequences always terminates. 

(ii) Both sequences have same length, say k £ N. 

(iii) Let (a,j)j=i,...,k o,nd (bj)j—i l ... } k be the two sequences assigned to A. Then they 
are inverse to each other in the following sense: For each j = 1, . . . , k we have 
a,; = b7 l . . , . 

J k—j-\-l 

(iv) For j = 1, . . . , k set Cj+i := ajdj-i ■ ■ ■ a 2 a \, := bjbj—i ■ ■ ■ b 2 b\ and c\ '■= 
id =: d\. Then 

k k 

B:=\JcJ 1 A(c j v) = \JdJ 1 A(djv). 
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Further, both unions are essentially disjoint, and B is the polyhedron with the 
(pairwise distinct) vertices a[ 1 oo, c^oo, . . c^T oo resp. di l oo, d^oo, . . ., 

d-k 1qo - 

Proof. Suppose that A = A(v). Let (hj)j £ j be one of the sequences assigned 
to A by Construction 4.80. As in Construction 4.80 we set for j £ J 

gi := id, gj+i '■= hjhj-i ■ ■ ■ hih,\, vj := gj(v) and Aj := A(vj). 

Let Sj denote the summit of I(hj) for j £ J. Then Aj n I(hj) = [vj, Sj]. Let j £ J 
such that also j + 1 £ J. Then the non-vertical sides of Aj+i are 

h'+L h J s j\ = Aj+i n = A j+ i n /(/ij 1 ) 

and [uj+i, Sj+i]- Hence -4j+i is the hyperbolic quadrilateral with vertices hjSj, 
Vj + i, Sj + i, oo. Since gJ^hjSj = gJ 1 Sj and gJ^Vj+i = v, the set g^^Aj+i is the 
hyperbolic quadrilateral with vertices gJ 1 Sj, v, gJ^Sj+x, gj^oo. Thus, gJ l Aj and 
gJ^Aj+i have at least the side [g~ 1 Sj, v] in common. Since Aj and Aj+i are both 
basal precells and hj ^ id, the sets gJ X Aj and gJ^Aj+i = gJ 1 hJ 1 Aj+i intersect 
at most at a common side (see Corollary 4.74). Hence 

g^AjOgj^Aj+i = [g^Sj^v]. 

Recall from Lemma 4.54 that pr 00 (s J ) — hj 1 oo. Hence Sj is contained in the 
(complete) geodesic segment [hj oo,oo]. Therefore, the sides [gJ 1 oo, gj 1 Sj] = 
gJ x [oo,Sj\ of gJ X Aj and \gJ X Sj, gj^oo] = gj 1 ^^ hj 1 oo] of gJ^Aj+i add up to 
the complete geodesic segment [g~ 1 oo, gJ +1 oo\. Further, since A\ and Aj+i are 
basal and gj+\ ^ id, the sets A\ and gJ^Aj+i have at most one side in common. 

For simplicity of exposition suppose that Re s\ < Re v, and let s\, v, t, oo denote 
the vertices of A = A\ . By the previous arguments, we find that A\ U g^Ai is the 
hyperbolic pentagon with vertices oo, g^oo, 3^" 1 S2: v , t (counter clockwise). Using 
that each Aj is connected, we successively see that for each k £ J the union 
Tfc := [Jj—i gj l Aj is essentially disjoint. Further, Tk is either the polyhedron with 
(pairwise distinct) vertices g^oo < g^ x oo < . . . < g' k 1 oo, g k ~ 1 Sk, v, t and oo 
(counter clockwise), or ft > 3 and g^Ak intersects A\ in more than the point v. 

We will show that for k large enough, the set Tk is of the second kind. By 
Corollary 4.37, there is some c > such that for each j £ J , the angle aj inside Aj 
at Vj enclosed by the two non-vertical sides of Aj is bounded below by c. Thus, for 
the angle at v we get 

2tt> Y, <*i>c\J\. 
jeJ 

Therefore, J is finite. 

Suppose that Tk is of the first kind. We will show that for some I > k, the set 
Ti is of the second kind. To that end we first show that gk+i ^ id- Assume for 
contradiction that hkgk = 5fc+i = id, hence hk = gZ ■ Then 

h k [vk,s k ] =g k ~ 1 [vk,Sk] = [v,g~ k 1 s k ] 

is not a non-vertical side of some basal cell, but hk was chosen to be the unique 
generator of the isometric sphere I(hk) such that hk{Ak^I{hk)) = hk[vk, Sfe] is the 
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non-vertical side of some basal precell. Thus, gk+i 7^ id and therefore k + 1 € J. 
Since J is finite, for some Z £ N, the set T\ must be of the second kind. 
Suppose now that T k is of the second kind. Then 

g^Ak nii = ^ 1 [«jt, flfc] n [v,f] 

and ffjfc [ffc,sjfe] n [w,t] is a geodesic segment of positive length. By Corollary 4.74 
9k 1 [ v k, s fc] = I w ' A an< ^ therefore I(g7 ) = I{h k ). From the choice of hk now follows 
that g^ 1 = hk- Thus, gu+i = h k gk = id. This shows that J = {1, . . . , k}. Moreover, 
the set Tfe is the polyhedron with vertices g^oo < g^oo < . . . < gZ 00 and 00 
(counter clockwise). 

Further, this argument shows that {hi, hi 1 } = {ki(A), k2(A)}. Let (a,j) and 
(bj) be the two sequences assigned to A by Construction 4.80 and suppose that 
cti = hi and 61 = hi . Then the sequence (oj) has length k and aj = hj for 
j = 1, . . . ,k. Note that b\ maps [v,t] to the non-vertical side hl 1 ^^] = [wfc,Sfe] of 
Ak- Now 62 is determined by b\ via {6 2 ,fe 1 ' 1 } = {b2,hk} = {ki(Ak) , k 2 (Ak)} , thus 
&2 = hl_ v Recursively, we see that = = a-k-j+i f° r J = 1, - • - , fc, and 

b k b k -i ■■■b 1 = h^hl 1 ■ ■ ■ hi 1 = gl^ = id . 

For each j = 1 , . . . , k we have 

dj+i ■= bjbj-i ■ ■ ■ b 2 bi 
= h k -j ■■■h 1 h~ 1 
= Qk-j+i- 

Since dj+i = g k -j+i ^ id for j = 1, . . . , k — 1, but dk+i = id, also the sequence (bj) 
has length k. Let di := id. Then 

|J dTM(d^) = |J g^ j+1 A(gk- j+ iv) = |J g^Afev). 

□ 

Definition 4.83. Let .4 G A be a non-cuspidal precell and suppose that A is at- 
tached to the vertex v of JC. Let /1.4 be one of the elements in TnT^ assigned to A 
by Proposition 4.70. Let (hj)j—i r .. t k be the sequence assigned to A by Construc- 
tion 4.80 with hi = hj±. For j = 1, . . . , k set g\ := id and gj+i '■= hjgj. Then the 
(finite) sequence ((A(gjv), hj)j^_ x k is called the cycle in A x V determined by 
{A,h A ). 

Let A G A be a cuspidal precell. Suppose that b is the non- vertical side of A 
and let hj. be the element in TnT^ assigned to A by Proposition 4.70. Let A' be 
the (cuspidal) basal precell with non-vertical side hjjj. Then the (finite) sequence 
((A, hjCj, (A', h^ 1 )) is called the cycle in A x T determined by (A, hX). 

Let A € A be a strip precell. Set h_A '■= id. Then ((A, hX)) is called the cycle 
in A X r determined by (A, hX)- 

Example 4.84. 

(i) Recall Example 4.81. The cycle in Ax G n determined by (A, U n ) is ((.A, Unj)._ 



■K 1 =gk- 



j+i9 k +i 
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(ii) Recall the group Pro(5) and the basal family A = {A(vq), . . . , A(vi)} from 
Example 4.58. The element in Pr (5) \ Pr (5)oo assigned to A(v Q ) is h := 
(5 Z{)- The cycle in A x Pr (5) determined by (A(vq), h) is 

((A(v ),h),(A(v A ),h- 1 )). 

Further let h x := h, h 2 := (5 I§) and h 3 := ( \ z\) ■ The cycle in A x Pr (5) 
determined by (A(vi),h{) is 

{(A(v 1 ),h 1 ),(A(v 3 ),h 2 ),(A(v 2 ),h 3 )). 

(hi) Recall the group T and the basal family A = {Ai, A2, A3} from Example 4.59. 
The cycle in A x T determined by (A 2 ,S) is ((A 2 ,S), (A3, S)). 

Proposition 4.85. Let A G A be a non-cuspidal precell in H and suppose that 
is one of the elements in V \ Too assigned to A by Proposition 4 -TO. Let 
((Aj, hj)) j —1 k be the cycle in A x T determined by (A, hy\). Let j £ {1, . . . , k} 
and define the sequence ((.4J,a;)) ; _ 1 fc by 



a l := 

and 

A', := 





for 1 = 1, ...,k- j + 
forl = k-j + 2,...,k. 



Then a\ — hj is one of the elements in TnTcc assigned to Aj by Proposition 4-70 
and ((A'i, ai)) ; i , is the cycle in A x T determined by (Aj,hj). 

Proof. We first show that {hi,^ 1 } = {k 1 (A),k 2 (A)}. Suppose that hi = 
ki(A). Proposition 4.82 (iii) states that h^ = k 2 (A)~ 1 . This shows that {ai, aj_\} = 
{ki(A[), k 2 (A[)} for I = 2, . , . , k. For I = 1, . . . , k set c\ ■= id and c;+i := a/Q. It 
remains to show that c; 7^ id for I = 2, . . . , k and Ck+\ = id. For p = 1, . . . , k set 
<7i := id and g p +i '■= h p g p . Then 



gi+i-idj 1 for l = l,...,k- j + 1, 



ci 



gi+j-i-kg. 1 for I = k - j + 2, . . . , k + 1. 



Obviously, Ck+i = gjgj 1 = id. Let / e {2, . . . , k — j + 1}. Then I + j — 1 =^ j and by 
Proposition 4.82 (iv) gi+j-i ^ gj- Hence c\ 7^ id. Analogously, we see that c/ 7^ id 
for I £ {k — j + 2, . . . , k}. This completes the proof. □ 

The proof of the next proposition follows immediately from the definition of 

h A . 

Proposition 4.86. Let A £ A be a cuspidal precell in H and let h A be the element 
in rxFoo assigned to A by Proposition 4-70. Let [(A, hj^}, (A',h~^ )) be the cycle 
in A X r determined by (A,h A ). Then h^ 1 is the element in FxT^ assigned to 
A' by Proposition 4-70 and ((A' , h~^ ), (A, h^)) is the cycle in AxT determined by 
(A',h^). 
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4.4.2. Cells in H and their properties. Now we can define a cell in H for 
each basal precell in H . 

Construction 4.87. Let A be a basal strip precell in H . Then we set 

B{A) ■■= A. 

Let A be a cuspidal basal precell in H. Suppose that g is the element in FxFqo 
assigned to A by Proposition 4.70 and let {(A,g), (A' ,g~ x )) be the cycle in A x F 
determined by (A,g). Define 

B{A) —AUg^A'. 

The set B(A) is well-defined because g is uniquely determined. 

Let A be a non-cuspidal basal precell in H and fix an element in F \ 
assigned to A by Proposition 4.70. Let ((Aj, hj)j. _ 1 k be the cycle in A X Y 
determined by (.4, hjCj- For j = 1, . . . , k set <?i := id and gj+i := hjgj. Set 

k 

B(A) : (J ''. 

i=i 

By Proposition 4.82, the set B(A) does not depend on the choice of h^. The family 
B := {B(A) | A G A} is called the family of cells in H assigned to A. Each element 
of B is called a cell in H . 

Note that the family B of cells in H depends on the choice of A. If we need 
to distinguish cells in H assigned to the basal family A of precells in H from those 
assigned to the basal family A' of precells in H, we will call the first ones A-cells 
and the latter ones A' -cells. 

Example 4.88. Recall the Example 4.84. For the Hcckc triangle group G5, Fig- 
ure 11 shows the cell assigned to the family A = {A} from Example 4.57. For 



B(A) 




Figure 11. The cell B(A) for G 5 . 



the group PFo(5), the family of cells in H assigned to A is indicated in Figure 12. 
Figure 13 shows the family of cells in H assigned to the basal family A of precells 

of r. 

In the series of the following six propositions we investigate the structure of 
cells and their relations to each other. This will allow to show that the family of 



(ill 
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FIGURE 12. The family of cells in H assigned to A for Pr (5). 




Figure 13. The family of cells in H assigned to A for T. 

T-translates of cells in H is a tesselation of H, and it will be of interest for the 
labeling of the cross section. 

Proposition 4.89. Let A be a non-cuspidal basal precell in H . Suppose that hj± 
is an element in rxToo assigned to A by Proposition 4-70 and let ((Aj, hj)) , 
be the cycle in A x T determined by (A, h^). For j = 1, . . . , k set g\ := id and 
gj+i '■= hjgj. Then the following assertions hold true. 

(i) The set B(A) is the convex polyhedron with vertices g^oo, g^oo, . . . , g^oo. 

(ii) The boundary of B(A) consists precisely of the union of the images of the 
vertical sides of Aj under g~ , j = 1, . . . , k. More precisely, if sj denotes the 
summit of I(hj) for j = 1, . . . , k, then 

k fc+1 

dB(A) = |J gflsj,™] U |J gJ^hj-xaj-iM- 

(hi) For each j = l,...,k we have gjB(A) = B(Aj). In particular, the side 
[g~ 1 oo, gj_^ 1 oo] of B(A) is the image of the vertical side [oo, hj 1 ^] of B(Aj) 
under gj 1 . 

(iv) Let A be a basal precell in H and h S T such that hAC\B(A)° ^ 0. Then there 
exists a unique j G {1, . . . , k} such that h = gj and A — Aj. In particular, 
A is non-cuspidal and hB{A) = B(A). 

Proof. By Proposition 4.82, B(A) is the polyhedron with vertices g^oo, 
5^ 1 oo, . . . , g^oo. Since each of its sides is a complete geodesic segment, B(A) 
is convex. This shows (i). The statement (ii) follows from the proof of Proposi- 
tion 4.82. 

To prove (hi), fix j G {l,...,fc} and recall from Proposition 4.85 the cycle 
((A[, ai)) l=1 . in A x T determined by (Aj, hj). For I = 1, . . . , k set c\ := id and 
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cj+i := a/Q. Then 

c = I gi+j-igj 1 for Z = 1, . . . , k - j + 1 
(fti+j-fc-ift^ 1 for Z = fc - j + 2, . . . , fc. 

Hence 

B(^) = U c r 1 ^ = U*(^r 1 ^ 

fc-j'+l k 
= 9j |J ffHj-i^+J-i u ft? U .9(+j-fc-i- 4 '+J-fc-i 

i=l l = k-j+2 

k 

= 9o[]9i 1 Ai = g j B{A). 
i=i 

This immediately implies that the side [gj 1 oo, gj^co] of S(.4) maps to the side 
g j [g~ 1 oo, gj^oo] — [oo, ZiJ oo] of ^(A,-), which is vertical. 

To prove (iv), fix z G /ii fl Then there exists Z € such 

that z G Zi.4 n 1 w4;. Let 6 := Zi.A n gf 1 Ai- By Proposition 4.72 there are three 
possibilities for 6. 

If b = hA = g~[ 1 Ai, then gihA = A\. Since A and A are both basal, it follows 
that h — g^ 1 and A = Ai . 

Suppose that v is the vertex of JC to which A is attached. If b is a common 
side of hA and g^ 1 Ai, then, since z G must be a non- vertical side of Ai 

(see (ii)). This implies that v E b. In turn, there is a neighborhood U of v such 
that {/ C B{A) and E7 n h(A)° ^ 0. Hence, Zi(„4)° n B(A)° ^ 0. Thus there exists 
j G {1, . . . , k} such that h(A)° gJ X Aj ^ 0. Proposition 4.72 implies that A = A 3 
and h = gj 1 . 

If b is a point, then b — z must be the endpoint of some side of g^ l Ai- From 
z G B(A)° it follows that z = v. Now the previous argument applies. 

To show the uniqueness of j G {1, . . . , fc} with A = Aj and /i = ff^ 1 , suppose 

that there is p G {l,...,fc} with A = A p and h = g^ 1 . Then gj = g p . By 
Proposition 4.82(iv) j = p. The remaining parts of (iv) follow from (iii). □ 

Proposition 4.90. Let A be a cuspidal basal precell in H which is attached to 
the vertex v of JC. Suppose that g is the element in T \ Too assigned to A by 
Proposition 4-70. Let [(A, g), (A' , <7 -1 )) be the cycle in A x T determined by (A, g) . 
Then we have the following properties. 

(i) The set B(A) is the hyperbolic triangle with vertices v, g~ 1 oo, oo. 

(ii) The boundary of B(A) is the union of the vertical sides of A with the images 
of the vertical sides of A' under g^ 1 . 

(iii) The sets gB(A) and B{A') coincide. In particular, the non-vertical side 
[v,g~ 1 oo] of B(A) is the image of the vertical side [gv,oo] of A! under g^ 1 . 

(iv) Suppose that A is a basal precell in H and h G T such that hAO B(A)° 7^ 0. 
Then either h = id and A = A or h = g^ 1 and A = A . In particular, A is 
cuspidal and hB(A) = B(A). 
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Proof. Let s be the summit of 1(g) and denote the non-vertical side of A by 
b. Then b = [v, s] and gb = [gv, gs] is a non-vertical side of A'. By Proposition 4.70, 
A' is cuspidal. Hence A' is the hyperbolic triangle with vertices gs,gv, oo. Since 
<? _1 oo is the center of 1(g) and pr oc (s) = <7 _1 oo, the cell B(A) = AU g~ l A' is the 
hyperbolic triangle with vertices v, g _1 oo, oo. Moreover, 

dB(A) = oo] U g~ 1 {gs, oo] U [s, oo] U [v, oo] 

as claimed. Now g _1 is the element assigned to A' by Proposition 4.70. Hence 

B(A')=A'u g A = gB(A). 

The remaining assertions are proved analogously to the corresponding statements 
of Proposition 4.89. □ 

Proposition 4.91. Let A be a basal strip precell in H . Let A be a basal precell in 
H and heT such that hAn B(A)° ^ 0. Then h = id and A = A. 

PROOF. This follows from B(A) = A and Corollary 4.74. □ 

Corollary 4.92. The map A — > B, A H> B(A) is a bisection. 

Proof. Let 

ip: 



A i— > B(A). 

By definition of B, the map p is surjective. To show injectivity, let Ai,A 2 be basal 
precells in H such that B(Ai) = B(A 2 ). From A 2 C B(A 2 ) = B(Ai) it follows that 
A 2 n B(Ai)° = 0. Then Proposition 4.89(iv) resp. 4.90(iv) resp. 4.91 states that 
A 2 = Ai. □ 

Proposition 4.93. Let A be a non-cuspidal basal precell in H. Suppose that 
(hj)j=i t ... t k is a sequence in TnT^ assigned to A by Constr. 4-80. For j = 1, . . . , k 
set g\ '■= id and gj+i '■= hjgj. Let A' be a basal precell in H and g £ T such that 
B(A) n gB(A') 7^ 0. Then we have the following properties. 

(i) Either B(A) = gB(A'), or B(A) n gB(A') is a common side of B(A) and 

gB(A'). 

(ii) // B(A) = gB(A'), then g = gj 1 for a unique j <G {1, . . . , k} . In particular, 
A' is non-cuspidal. 

(iii) If B(A) gB(A'), then A' is cuspidal or non-cuspidal. If A' is cuspidal and 
k € FxFqo is the element assigned to A' by Proposition 4-10, then we have 
B(A) n gB(A') = ^[fc^oo.oo]. 

Proof. Since B(A) n gB(A') ^ 0, there exist a basal precell A and an element 
heF such that hA C B(A') and ghAnB(A) ^ 0. From Proposition 4.89(iv) it 
follows that hB(A) = B(A'). 

If ghAC\ B(A)° ^ 0, then Proposition 4.89(iv) shows that 

B(A) = ghB(A) = gB(A'). 
Moreover, A is non-cuspidal and g = gj 1 for a unique j € {1, . . . , k}. 

Suppose that ghAn B(A)° = 0. Then ghAnB(A) C dB(A). Let v be the 
vertex of K. to which A is attached. Then there exists j G {1, . . . , k} such that 
ghA C\gj 1 A(g 3 v) ^ 0. Let b := ghAC\gj 1 A(g J v). The boundary structure of B(A) 
(see Proposition 4.89(h)) implies that gjb is contained in a vertical side of A(gjv). 
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In particular, b is not a complete geodesic segment. By Corollary 4.74, b is either a 
common side of <7/i„4 and g~ 1 A(gjv) or a point which is the endpoint of some side 
of ghA and some side of g~ 1 A{gjv). Each case excludes that A is a strip precell. 

Suppose that A is a cuspidal precell, attached to the vertex w of K,. Then 
(gh)~~ 1 bC\ [w,oo] = because b is not a complete geodesic segment. Let [w,a] be 
the non-vertical side of A. By Proposition 4.90(h), h(w,a) C B(^4.')°. If we had 
tefcj-^n (tu.o) 7^ 0, then gB{A')° n B(.A) 7^ 0. Since <?£(-4') and B{A) are both 
convex polyhedrons, it follows that gB{A')° n B(A)° 7^ 0. The very first case shows 
that then gB(A') = B(A) and A' is non-cuspidal, which is a contradiction to A 
being cuspidal. Thus, (gh)~ l b C [a, 00] and therefore 

g~ l b = h(gh)~ 1 b C [/ia, /100] C 00, 00]. 

On the other hand, 6 is contained is some side c of B(A). Since both g[/c -1 oo, 00] 
and c are complete geodesic segments which are not disjoint but do not intersect 
transversely, they are identical. Hence B(A) H gB(A') = g[k~ 1 oo 1 00]. 

Suppose that A is a non-cuspidal precell which is attached to the vertex w of JC 
and let [a, w], [w, c] be its two non-vertical sides. If (gh)~ 1 b n ((a, uj] U [w, c)) 7^ 0, 
then, as before, gB{A') n £(-4)° 7^ and by the very first case, gB(A') = B{A), 
which contradicts to ghA<~)B(A)° = 0. Therefore (gh)~ 1 b is contained in a vertical 
side of A and thus in a vertical side of B(A'). As in the discussion of a cuspidal A 
it follows that B{A) n S<8(.4') is a common side of S(^) and gB{A'). □ 

The proofs of the following two propositions go along the lines of the proof of 
Proposition 4.93. 

Proposition 4.94. Let A be a cuspidal basal precell in H which is attached to 
the vertex v of JC. Suppose that h G T \ Too is the element assigned to A by 
Proposition J^.70. Let A' be a basal precell in H and g G T such that we have 
B{A) H gB(A') 7^ 0. Then the following assertions hold true. 

(i) Either B(A) = gB{A'), or B(A) n gB(A') is a common side of B(A) and 
gB(A'). 

(ii) IfB(A) = gB(A'), then either g = id org = h . In particular, A' is cuspidal. 

(iii) If B{A) 7^ gB{A'), then A' is cuspidal or non-cuspidal or a strip precell. If 
A 1 is a strip precell, then [/i _1 oo,oo] 7^ B(A) C\gB(A / ). If A' is a cuspidal 
precell attached to the vertex w of JC and k G TnT^ is the element assigned 
to A' by Proposition 4-70, then B(A) n gB(A') is either [v, 00] = g[w, 00] 
or [v,oo] — g[u>,fc -1 oo] or [?j,/i _1 oo] = g[w, 00] or [u,/i _1 oo] = j g[w,fc~ 1 oo] 
or [/i 00,00] = ^[fc^oo, 00]. If A' is a non-cuspidal precell, then we have 
B(A) n gB{A') = [fc^oo.oo]. 

Proposition 4.95. Let A be a basal strip precell in H . Let A' be a basal precell 
in H and g G T such that B(A) PI gB(A') =/= 0. Then the following statements hold. 

(i) Either B(A) = gB{A'), or B(A) n gB(A') is a common side of B{A) and 

gB{A'). 

(ii) IfB(A) = gB(A'), then g = id and A = A' . 

(iii) If B{A) 7^ gB(A'), then A' is a cuspidal or strip precell. If A' is cuspidal and 
k G TxToo is the element assigned to A' by Proposition J^.70, then we have 
B{A) n gB{A') ^ g[k- x oo, 00]. 
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Corollary 4.96. The family of T-translates of all cells provides a tesselation of 
H . In particular, if B is a cell in H and S a side of B, then there exists a pair 
(B' , g) G B x r such that S = B l~l gB' . Moreover, (B',g) can be chosen such that 
g~^^S is a vertical side of B' . 

Proof. For each precell A in H we have A C B(A). Therefore, the covering 
property of the family of all T-translates of the cells in H follows directly from 
Corollary 4.74. The property (T2) is proven by Propositions 4.94, 4.93 and 4.95. □ 

4.5. The base manifold of the cross sections 

Let r be a geometrically finite subgroup of PSL(2, M.) of which oo is a cuspidal 
point and which satisfies (A2), and suppose that Rel ^ 0. In this section we 
define the set CS which will turn out, in Section 4.7.1, to be a cross section for the 
geodesic flow on Y = T\H w. r. t. to certain measures /x, which will be characterized 
in Section 4.7.1 (see Remark 4.101). Here we will already see that CS satisfies (C2) 
by showing that pr(CS) is a totally geodesic suborbifold of Y of codimension one 
and that CS is the set of unit tangent vectors based on pr(CS) but not tangent to 
it. To achieve this, we start at the other end. We fix a basal family A of precells 
in H and consider the family B of cells in H assigned to A. We define BS(B) to 
be the set of T-translates of the sides of these cells. Then we show that the set 
BS := BS(B) is in fact independent of the choice of A. We proceed to prove that BS 
is a totally geodesic submanifold of H of codimension one and define CS to be the 
set of unit tangent vectors based on BS but not tangent to it. Then CS := 7r(CS) is 
our (future) geometric cross section and pr(CS) = BS := 7r(BS). This construction 
shows in particular that the set CS does not depend on the choice of A. For future 
purposes we already define the sets NC(B) and bd(B) and show that also these are 
independent of the choice of A. 

Definition 4.97. Let A be a basal family of precells in H and let B be the family 
of cells in H assigned to A. For B G B let Sides(2?) be the set of sides of B. Then 
set 

Sides(B) := |J Sides(B) 

and define 

BS(B) := |Jr • Sidcs(B) = \J{gS \ g G V, S G Sides(B)}. 

For Ben define bd(B) := d g B and let NC(B) be the set of geodesies on Y which 
have a representative on H both endpoints of which arc contained in bd(Z?). Further 

set 

bd(B) := |J |J g ■ bd(B) 

gev BGB 

and 

NC(B) := |J NC(B). 
Ben 
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Proposition 4.98. Let A and A 1 be two basal families of precells in H and suppose 
that B resp. B' are the families of corresponding cells in H assigned to A resp. A'. 
There exists a unique map A — > Z, A > m(A) such that 

{A — > {precells in H} 
A i — y tf A) A 

is a bisection from A to A' . Then 

f B B' 

1 B(A) i — y t x (A) B(A) 

is a bijection as well. Further we have that BS(B) = BS(B'), NC(B) = NC(B') and 
bd(B) = bd(B'). 

Proof. Corollary 4.69 shows that for each precell A G A there exists a unique 
pair (A',— m(A)) GA'xZ such that iT A = A'. Conversely, again by Corol- 
lary 4.69, for each A' G A' there exists a unique pair (A, s) G A x Z such that 
t s x A = A' . Hence, the map 

f A — > {precells in H} 
^ \ A ^ tf A U 

maps into A' and is surjective. Since A and A' have the same finite cardinality (see 
Theorem 4.66), the map ip is a bijection. 

We will now show that t™ {A) B(A) = B(t x {A) A) for each A G A. From this it 
follows that the map 

f B {U | U C H} 

X: { B(A) i — y t iy x l(A) B(A) 

maps into B'. Since ip is a bijection and the maps A — > B, .4 i-> $(.4) and A' — > B', 
.A' i ^ B(A') are bijections (see Corollary 4.92), x is a bijection as well. Recall that 
for is A, the A-cell B{A) is constructed w. r.t. A and the A'-cell B(t n x ^ A) is 
constructed w.r.t. A'. 

Let A G A. Suppose that A is a strip precell. Then t™ A is a strip precell in 
H (see Corollary 4.69). It follows that 

B(f x l{A) A) = f x l{A) A = tf A) B(A). 

Suppose that A is a cuspidal precell. Let b be the non-vertical side of A and 
g G TxFoo the element that is assigned to A by Proposition 4.70 w.r.t. A. Let 
Ai G A be the (cuspidal) precell in H with non-vertical side gb. Set A' := t x A ^A 
and A[ := ^^'.Ai. By Corollary 4.69, A' and are cuspidal precells. The 
non-vertical side of A' is t x A ^b and that of A[ is t™^ 1 ^ gb. Hence the element 
h : = t™^ 1 ' gt x m ^ AS> maps the non-vertical side of A' to that of A[. Moreover, by 
Lemmas 4.2 and 4.3, 

1(h) = l(tf A ^gt x m ^)= 1(g) + rn(A)\. 
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Since b C 1(g) by the choice of <?, we have t™^ b C J(/i), which shows that ft is the 
element assigned to „4' by Proposition 4.70 w. r.t. A'. Then 

B(tf A) A) = B(A') =A'U fc-U; 
= C (A) (^u 5 -Ui) 

=tr w s(i). 

Suppose that A is a non-cuspidal precell. Let a\ be one of the elements in TxToo 
assigned to A by Proposition 4.70 w. r. t. A and let ((Aj, aj)) . =1 fc be the cycle in 

A x T determined by (.4, ai). For j = 1, . . . , k set .4^ := t™ Aj, let 6j denote the 
non- vertical side of Aj for which bj C I(a,j). Recall that for j = 1, . . . , k — 1, the 
geodesic segment Oj6j is the non- vertical side of -4j+i which is different from frj+i, 
and that Ofefefe is the non- vertical side of Ai which is not b\. For j = 1, . . . , k — 1 
set Cj := i? 1 ' 3+ Oji A and := t™^ 1 ' ' aut^™ 1 ^^. Then Cj maps the non- 

vertical side t™ 3 bj of Aj to the non-vertical side t™ 3 djbj of for j 

1 fc— 1, and Cfc maps the non- vertical side tT^ Ak ^bk oiA' k to the non-vertical side 

j_m{Ai) ' ak f }k f ^ s b e f orej for j = 1, . . . , fc, we have I(cj) = /(aj) + m(Aj)X and 
t™ {Ai) bj C 7( Cj ')- This implies that ci is an element assigned ^4' x by Proposition 4.70 
w.r. t. A' and that {c^c^J = {k 1 (A' j ),k 2 {A' j )} for j = 2,...,k. We will show 
that ((Aj, Cj)~)^_ x k is the cycle in A' x T determined by (A[, Ci). For j = 1, . . . , k 
set cZi := id, dj+i := a j eZ^ , ei := id and e 3+ i := Cj-ej. Then 

.m(Aj + i), ,-m(Ai) 

l \ a i+i t \ 



for j = 1, . . . ,k — I and efc+i = i™^ ^ dk+it\ = id. Assume for contradiction 

that ej+i = id for some j G — 1}. Then dj+i = "H^jh- 1 ) j s an 

element in Too. Proposition 4.82 (iv) states that dj^oo ^ oo, hence dj+i Too. 
This shows that ej+i ^ id for j = 1, ...,k — 1 and hence ((^ ■, Cj)) . _ 1 fe is the 
cycle in A' x r determined by (A[,ci). Therefore 

B(t^A)=B(A[) = \JefA'j 



U£n(Ai) ^-1^-miAj) ^m{Aj) 
X j X X J 



= c Ul) U^ 1 A- 

= i™ ( ^S(.A). 

This shows that x is a bijection. 

Let i £ A. Then the sides of 0(-4.) are the t^"^ -translates of the sides of 
B(t™ (A) A) and bd(A) = t- m(A) bd(t™ {A) A). This shows that BS(B) = BS(B') 
and bd(B) = bd(B'). Now let 7 be a geodesic on Y which belongs to NC (B(A)). 
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This means that 7 has a representative, say 7, on H such that 7(±oo) G bd (8(A)) . 
Then i™^7 is also a representative of 7 on H and 

C M) 7(±oo) G t™ (A) bd (B(^)) - bd (t™ {A) B(A)) = bd 

Hence 7 G NC (i3(i™ ( - A U)) . Therefore NC(B) C NC(B') and by interchanging the 
roles of A and A' we find NC(B) = NC(B'). □ 

We set 

BS := BS(B), bd := bd(B) and NC := NC(B) 

for the family B of cells in H assigned to an arbitrary family A of precells in H . 
Proposition 4.98 shows that BS, bd and NC are well-defined. 

Proposition 4.99. The set BS is a totally geodesic submanifold of H of codimen- 
sion one. 

Proof. Let A be a basal family of precells in H. Let B be the family of cells 
in H assigned to A. Let 2? G B. Proposition 4.89(i) resp. 4.90(i) resp. Remark 4.56 
shows that the set of sides of B is a finite disjoint union of complete geodesic 
segments. Since B is finite and T is countable (see [Rat06, Corollary 3 of Theo- 
rem 5.3.2]), BS is a countable union of complete geodesic segments. Corollary 4.96 
states that the family of T-translates of all cells is a tesselation of H . Therefore, 
BS is a disjoint countable union of complete geodesic segments. Hence, if BS is a 
submanifold of H of codimension one, then it is totally geodesic. Now let z G BS. 
Suppose that z G gS for some g €T and S G Sides(B). By the tesselation property 
there exist (81, gi), (82,92) G B x T such that S is a side of giBi and (72*82 and 
g±Bi ^ 32^2- Since each cell is a convex polyhedron with non-empty interior, we 
find e > such that 

B e (g- 1 z)n 9j B j Cg j B°US 

for j = 1, 2. Hence B e (g~ 1 z) n BS is an open subset of S. Since S is a submanifold 
of H of codimension one, so is BS. This completes the proof. □ 

Let CS denote the set of unit tangent vectors in SH that are based on BS 
but not tangent to BS. Recall that Y denotes the orbifold T\H and recall the 
canonical projections tt: H —> Y, tt: SH —> SY from Section 2. Set BS := 7r(BS) 
and CS := rr(CS). 

Proposition 4.100. The set BS is a totally geodesic suborbifold of Y of codimen- 
sion one, CS is the set of unit tangent vectors based on BS but not tangent to BS 
and CS satisfies (C2). 

PROOF. Since BS is T-invariant by definition, we see that BS = 7r _1 (BS). 
Therefore, BS is a totally geodesic suborbifold of Y of codimension one. Moreover, 
CS = 7r _1 (CS) and hence CS is indeed the set of unit tangent vectors based on BS 
but not tangent to BS. Finally, pr(CS) = BS. By Section 3 the set CS satisfies 
(C2). □ 

Remark 4.101. Let NIC be the set of geodesies on Y of which at least one endpoint 
is contained in 7r(bd). Here, tt: H 9 — > T\H 9 denotes the extension of the canonical 
projection H —> Y to H 3 . In Section 4.7.1 we will show that CS is a cross section 
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for the geodesic flow on Y w. r. t. any measure \i on the space of geodesies on Y for 
which n(NlC) = 0. 

We end this section with a short explanation of the acronyms. Obviously, CS 
stands for "cross section" and BS for "base of (cross) section". Then bd is for 
"boundary" in sense of geodesic boundary, and bd(B) is the geodesic boundary 
of the cell B. Moreover, which will become more sense in Section 4.7.2 (see Re- 
mark 4.161), NC stands for "not coded" and NC(S) for "not coded due to the cell 
B" . Finally, NIC is for "not infinitely often coded" . 

4.6. Precells and cells in SH 

Let r be a geometrically finite subgroup of PSL(2,R) which satisfies (A2). 
Suppose that oo is a cuspidal point of Y and that the set of relevant isometric 
spheres is non-empty. In this section we define the precells and cells in SH and 
study their properties. The purpose of precells and cells in SH is to get very detailed 
information about the set CS from Section 4.5 and its relation to the geodesic flow 
on Y, see Section 4.7.1. To each precell in H we assign a prcccll in SH in an 
easy, geometric way. Then we fix a basal family A of precells in H and a set of 
choices S, that is, a set of generators of equivalence classes of cycles in A x Y. Let 
A be the family of precells in SH that correspond to the elements in A. In an 
effective "cut-and-pastc" procedure we construct a finite family B@ of cells in SH 
assigned to A and § by partitioning the elements in A, translating some subsets in 
these partitions by certain elements in Y and afterwards reunion them in a specific 
way. However, this procedure involves some choices, which are unimportant for all 
further applications of B§. 

The union of the elements in B§ is a fundamental set for Y in SH , and each cell 
in SH is related to some cell in H in a specific way. We will see that the cycles in 
A x T play a crucial role in the construction of cells in SH as well as in the proofs 
of the relations between cells in SH and cells in H. We end this section with the 
definition of the notion of a shift map for Bg. 

Definition 4.102. Let U be a subset of H and z G U. A unit tangent vector v 
at z is said to point into U if the geodesic j v determined by v runs into U, i.e., if 
there exists e > such that 7„((0,e)) C U. The unit tangent vector v is said to 
point along the boundary of U if there exists e > such that 7„((0,e)) C dU. It is 
said to point out of U if it points into H\U. 

Definition 4.103. Let A be a precell in H. Define A to be the set of unit tangent 
vectors that are based on A and point into A° . The set A is called the precell in 
SH corresponding to A. If A is attached to the vertex v of /C, we call A a precell 
in SH attached to v. 

Recall the projection pr : SH — > H on base points. 

Remark 4.104. Let A be a precell in H and A the corresponding precell in SH. 
Since A is a convex polyhedron with non-empty interior (sec Remark 4.56), at each 
point x G A there is based a unit tangent vector which points into A°. Hence 
pr(*4) = A. From this it follows that if A is a precell in SH, then pr(^4) is the 
precell in H to which A corresponds. Thus, we have a canonical bijection between 
precells in H and precells in SH. 
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Lemma 4.105. Let A\,Ai be two different precells in H. Then the precells Ai 
and A2 in SH are disjoint. 

Proof. This is an immediate consequence of Proposition 4.61 and Defini- 
tion 4.103. □ 

Definition 4.106. Let A be a precell in H and A the corresponding precell in 
SH. The set vb(.4) of unit tangent vectors based on OA and pointing along dA 
is called the visual boundary of A. Further, vc(_4) := AU vb(.4) is said to be the 
visual closure of A. 




Figure 14. The precell in SH and its visual boundary for a non- 
cuspidal precell in H. 

The next lemma is clear from the definitions. 

Lemma 4.107. Let A be a precell in H and A be the corresponding precell in SH . 
Then vc(„4) is the disjoint union of A and vb(„4). 

The following lemma shows that the visual boundary and the visual closure of 
a precell A in SH is a proper subset of the topological boundary resp. closure of A 
in SH. 

Lemma 4.108. Let A be a precell in SH corresponding to the precell A in H . The 
topological boundary dA is the set of unit tangent vectors based on dA. 

Proof. The topology on SH implies that the projection pr: SH H on 
base points is continuous and open. The set pr _1 („4°) of all unit tangent vectors 
based on .4° is obviously open. Since A is convex, it is an (open) subset of A. 
We claim that (A)° = pr _1 (^l ). For contradiction assume that pr _1 (^l°) does 
not equal {A)°, hence pr~ 1 (^l°) C („4)°. Then (.4)° contains unit tangent vectors 
that are based on dA. But then pr((*4)°) is not open, in contradition to pr being 
an open map. Hence pr~ 1 (^l°) = (-4)°- An analogous argumentation shows that 
pr-^tU) = (0A)°. Thus Ccl(^) = Cpr" 1 ^), which shows that 

8A = cl (A)\(A)° = pr-^xpr-V ) = pr-Vxyt ) = pr^ftA) 
is the set of unit tangent vectors based on dA. □ 

Proposition 4.109. Let {Aj \ j € J} be a basal family of precells in H and let 
{Aj I j G J} be the set of corresponding precells in SH. Then there is a fundamental 
set T for T in SH such that 

(4.7) UA^c|Jvc(^). 
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Moreover, pr(P) = Uje/A;- If J 7 is a fundamental set for T in SH such that 
P C [Jj e jVc(Aj), then P satisfies (4.7). Conversely, if {Aj | j £ J} is a set, 
indexed by J, of precells in SH such that (4.7) holds for some fundamental set P 
for r in SH , then the family {j>r(Aj) \ j G J} is a basal family of precells in H. 

Proof. Let A := {Aj \ j G J} be a basal family of precells in H and suppose 
that {Aj | j G J} is the set of corresponding precells in SH. Set P := \Jj eJ Aj. 
Recall from Theorem 4.66 that P is a fundamental region for T in H. Further set 

V- U, /-l. andW:=U ieJ vc(^). 

At first we show that SH is covered by the T-translates of W. To that end 
let v G SH. Since P is a fundamental region for r in H, we find g G T such that 
<?pr(i>) G P = UjejA,'- W.l.o.g. we may and shall assume that g = id. Pick a 
basal precell *4 in H such that pr(w) G A. Since ^4 is a convex polyhedron, v either 
points into A° or along dA or out of A. In the first two cases, v G vc(_4) C W. In 
the latter case, since the T-translates of the elements in A provide a tesselation of 
H (see Corollary 4.74), there is some h G T and some basal precell A\ in H such 
that hv points into hA° or along hdA\. Then h~ x v G vc^i) G W . This shows 
that r • W = SH. 

Now we show that each nontrivial T-translate of V is disjoint from V. To that 
end consider any g G r\{id} and v £V. For contradiction assume that gv G V. 
Let 7 be the geodesic determined by v. Then 177 is the geodesic determined by 
gv. By definition, there are some e > and basal precells A\,A2 in H such that 
7((0,e)) C A\ and gj{{0,e)) C A° 2 . Hence, 7(e/2) G ^ and g^{e/2) G ^, which 
is a contradiction to P being a fundamental region for T in H . Thus, gV n V = 0. 

This shows that there is a fundamental set T for T in SH such that V C J 7 C W. 
From 

U a = U p r (^) = p f (^) ^ p r (^) ^ p r (^) = U p r ( vc (^)) = u ^ 

j€J jeJ ]€J j€J 

it follows that pr(.F) = \Jj e jAj. 

Now let J be a fundamental set for T in SH such that T C ljje/ vc (^i)- 
To prove that P satisfies (4.7), it suffices to show that for each j G J no unit 
tangent vector in vb(„4j) is F-equivalent to some element in V. Let v G vb(^lj) 
and assume for contradiction that there exists (g, k) G F x J such that gv G Ak- 
Let r\ be the geodesic determined by v. Then grj is the geodesic determined by 
gv. By definition we find e > such that 77((0,e)) C dAj and g7y((0,£)) C A° k . 
Then r](e/2) G <9*4j n g" 1 ^., which contradicts to Corollary 4.74. This shows that 

Finally, let {Aj \ j G J} be a set, indexed by J, of precells in and P a 
fundamental set for T in 5P such that 

UA CPC IJvc(^). 

ie./ jeJ 

Recall from Remark 4.104 that A, := pr(A,) is the precell in H to which A, 
corresponds. Set P := Uje/A, and let z E H. Pick any v G S-ff such that 
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pr(i>) = z. Then there exists g G T such that gv G T . Now 

T= |J ^ = pr ( |J A,) C pr (j?) C P r ( |J vc (A,)) = [j A j = T, 

hence pr(J r ) = T . This implies that gz — pr(gv) G J- . Therefore, T ■ J- = H . 
Moreover, since J 7 is a fundamental set, Lemma 4.105 implies that Aj ^ Ak for 
j, k G J, j 7^ k. Thus, the union [Jj^jAj is essentially disjoint. Finally, let z G J-° 
and j e T. Suppose that gz G J 70 . We will show that g = id. Pick j G J such 
that z 6 Aj. Fix an open neighborhood U of z such that [/ C J 70 and gU C J 70 . 
Since A,- is a non-empty convex polyhedron, U <~) A° ^ 0. Choose w G ?7 n .4° and 
pick k G J such that 171/; G -4/c- Then .4° n g~ 1 Ak 7^ 0, which, by Proposition 4.72, 

means that Aj = g~ 1 Ak- In turn, Aj = g~ 1 Ak- Since Aj,Ak C T and J 7 is a 
fundamental region for T in SH, it follows that g = id. Therefore J 7 is a closed 
fundamental region for T in H, which means that {Aj \ j G J} is a basal family of 
precells in H. □ 

Remark 4.110. Recall from Theorem 4.66 that each basal family of precells in H 
contains the same finite number of precells, say m. Proposition 4.109 shows that 
if {Ak I k G K} is a set of precells in SH, indexed by K, such that (4.7) holds for 
some fundamental set T for T in SH, then #K — m. 

Definition 4.111. Let A := {Aj \ j G J} be a basal family of precells in H. Then 
the set A := {Aj \ j G J} of corresponding precells in SH is called a basal family 
of precells in SH or a family of basal precells in SH. If A is a connected family of 
basal precells in H, then A is said to be a connected family of basal precells in SH 
or a connected basal family of precells in SH. 

Let A := {Aj \ j G J} be a basal family of precells in H and let A := {Aj \ j G 
J} be the corresponding basal family of precells in SH. 

Definition and Remark 4.112. We call two cycles c\,c^ in A X F equivalent if 
there exists a basal precell A G A and elements 31,52 G TnT^ such that (A,gi) is 
an element of c\ and (A,g-i) is an element of C2. Obviously, equivalence of cycles 
is an equivalence relation (on the set of all cycles). If [c] is an equivalence class of 
cycles in A x r, then each element (^4, hX) G A x T in any representative c of [c] is 
called a generator of [c]. 

Lemma 4.113. Let A be a non-cuspidal basal precell in H and suppose that is 
an element in TnT^ assigned to A by Proposition Let {(Aj ,hj)) ._ x k be 

the cycle in A x T determined by (A, hX)- If A — Ai for some I G {2, . . . , fc}, then 
hi = Ha- Moreover, if 

q := min {l G {1, . . . , k - 1} | A t+1 = A} 

exists, then q does not depend on the choice of h^, k is a multiple of q, and 
(Ai+ q ,hi +q ) = (Ai,hi) for I G {1, . . ., k — q}. 

Proof. We start by showing that Ai = A2 implies hi = /i2- If Ai = Ai, then 
Construction 4.80 and Proposition 4.82(iii) yield that 

{h 2 ,h^} = {fci(^l 2 ),fc 2 (^ 2 )} = {fci(-4i),MA)} = {^i,^ 1 }- 
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Assume for contradiction that h 2 = h k 1 . Then h 1 = hi. Let v be the vertex of K. 
to which A is attached and let s denote the summit of I (hi). It follows that 

[v,s] =I(hi)nAi = I(h 1 1 )f~\A 2 = hi[v,s\. 

Thus his — s and h\v = v. But then h\ fixes two points in H, which shows 
that hi = id. This is a contradiction to h\ £ FxT^. Hence h 2 = hi. From 
Proposition 4.85 now follows that Ai = Ai+i implies hi = hi+i and hi 7^ h7 for 
I € {1, . . . , k — 1} and also that Ak = Ai implies hk = hi. 

Suppose now that there is I £ {2, . . . , k} such that A = Ai- If I = k, then our 
previous considerations show that Ha = hi = hk- Suppose that I < k. Then 

{h h V-i} - {ki(Ai),k 2 (Ai)} = {ki(A),k 2 (A)} = {hi,^ 1 }. 

Assume for contradiction that hi = h^ . Then (Ai,hi) = (A,^ 1 ). Proposi- 
tion 4.82(iii) implies that 

(Ai +q ,h l+q ) = h^_ q ) 

for all 1 < q < k — I. If I = k — 2p for some p € N, then 

(Ai +P ,hi +P ) = (At + p+i,hJ~ +p ). 

Hence Ai+ p = Ai+ p +i and hi +p = h^_ p , which is a contradiction according to our 
previous considerations. Hence hi — hi. If I = k — 2p — 1 for some p £ No, then 

(Ai +p+ i,h l+p+ i) = [Ai +p+ i, h l+p ). 

Hence hj~ +p = hi+ p +i. This contradicts to 

#{K+ P > h i+P+i} = #{ki(Ai +p+ i),k 2 {Ai +p+ i)} = 2. 
Thus, hi = hi. This proves the first statement of the lemma. 
Now suppose that 

q := min {l G {1, . . . , k - 1} | Ai+i = A} 

exists. Since (A1+1, /iz+i) is determined by (Ai,h{), it follows that (Ai+ q , hi +q ) = 
(Ai, hi) for I G {1, . . . , k — q}. Moreover, 

{huh- 1 } = {ki(Ai),k 2 (Ai)} = {ki(A q+ i),k 2 (A q+ i)} = {hi^K 1 }- 

Therefore hk = h q and in turn Ak = A q . Thus k is a multiple of q. The in- 
dependence of q from the choice of hj^ is an immediate consequence of Proposi- 
tion 4.82 (iii). □ 

Definition 4.114. Let A be a non-cuspidal basal precell in H and let hj^ be an 
element in rvToo assigned to A by Proposition 4.70. Suppose that [(Aj, hj)) fe 
is the cycle in A x F determined by (A, hX). We set 

cyl(^) := min ({l G {1, . . .,k - 1} | Ai+i = A} U {k}). 

Lemma 4.113 shows that cyl(„4) is well-defined. Moreover, it implies that cyl(.A) 
does not depend on the choice of the generator (A, h^) of an equivalence class of 
cycles. For a cuspidal basal precell A in H we set 

cyl(-A) := 3, 

and for a basal strip precell A in H we define 

cyl(-A) := 2. 
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Example 4.115. Recall Example 4.84. For the Hecke triangle group G n and its 
basal prcccll A in H we have A — A2 and hence cyl(_4) = 1. In contrast, the basal 
preccll A(v{) in H of the congruence group Pro (5) appears only once in the cycle 
in A x Pr (5) and therefore cyl {A{vi)) = 3. 

Construction and Definition 4.116. Set J- := {Jj eJ Aj. Pick a fundamental 
set T for T in SH such that 

\jAjCFC \Jvc(Aj), 

which is possible by Proposition 4.109. For each basal precell A E A and each 
z G J- let E Z (A) denote the set of unit tangent vectors in T n vc(„4) based at z. 
Fix any enumeration of the index set J of A, say J = {ji, . . . ,jk}- For z G T and 
I € {1, ... ,k} set 

2-1 

^ ):=E, (A h ) and (A j{ ) := E, (A h ) x |J E, (A jm ) . 

m— 1 

Further set 

^) := |J ? Z (A) 

for is A. Recall from Proposition 4.109 that pr(J^) = T . Thus, 

(4.8) |J |J F Z {A)=T, 

zeT AeA 

and the union is disjoint. For each equivalence class of cycles in A x T fix a generator 
and let S denote the set of chosen generators. Let (A, h A ) G §. 

Suppose that A is a non-cuspidal precell in H and let v be the vertex of K. to 
which A is attached. Let {(Aj, hj)) . —1 fc be the cycle in A x T determined by 
(A, hj(). For j = 1, . . . , k set g\ := id and gj+i '■= hjgj, and let sj be the summit 
of I{hj). Further, for convenience, set ho := hk and so : = Sjfc. In the following we 
partition certain J-(Aj) into A: subsets. More precisely, we partition each element 
of the set {J-(Aj) | j = 1, . . . , fc} into fc subsets. Let j G {1, . . . , cyl(.A)}. 

For each z £ A° U (hj^iSj-i, gjv] U [e?jU, Sj) we pick any partition of T z (Aj) 
into /c non-empty disjoint subsets W^J , . . . , W^* . 

For z G [sj, 00) we set wf} := F z (Aj) and wf} = ... = W$ ■= 0. 

For z G [/i^iSj-i, 00) we set wfj := 0, W - ^ := J^(^) and VF^ = . . . = 
Wf} := 0. 

For m G {1, . . . , k} and j G {1, . . . , cyl(^4)} we set 

•4™ : U <" } 

and 

k 

Bj(A,h A ) := (Js^r^'.'-j+i 

where the first part (I) of the subscript of Au-j+i is calculated modulo cy\(A) and 
the second part (I — j + 1) is calculated modulo 
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Suppose that A is a cuspidal precell in H. Let ((Ai, hi), (A2, /12)) be the cycle 
in A x r determined by (A, hj\). Set g := fti = Ha, 91 id and 32 : = Til = .9- 
Suppose that u is the vertex of K. to which A is attached, and let s be the summit 
of 1(g)- Let j <S {1,2}. We partition F(Aj) into three subsets as follows. 

For z G A° U (gjV,gjs) we pick any partition of T z (Aj) into three non-empty 
disjoint subsets Wj], Wjf] and W-^. 

For z£(^,oo)wc set wf] := J^-) and wjj = wJJ := 0. 

For z G [ 5j s, 00) we set wf} = wf} := and Wf) := F z {Aj). 
For m G {1, 2, 3} and j G {1, 2} we set 



(m) 

zeAi 



Then we define 



B 2 (A>u) := 5^1,2 U ^2,1, 

B 3 (A>u) ^A.sU.f 1 ^. 

Suppose that ^4 is a strip precell in ff. Let «i, W2 be the two (infinite) vertices 
of /C to which A is attached and suppose that v\ < V2- We partition J- (A) into two 
subsets as follows. 

For z G A° we pick any partition of T z (A) into two non-empty disjoint subsets 
wP and 

For z G (ui,oo) we set W"i^ := T Z {A) and W» := 0. For z G («2,oo) we set 

:=0 and V^ 2 (2) := F Z {A). 
For m G {1,2} we define 

Bi(A,h A ) ■= (J and S 2 (A^) := |J Wj a) . 

The set S ("selection") is called a sei 0/ choices associated to A. The family 



3>S • = 



{Bj(A, h A) I (-4, M G S, j = 1, . . . , cyl(.A) } 



is called the family of cells in SH associated to A and S. The elements in this family 
are subject to the choice of the fundamental set J 7 , the enumeration of J and some 
choices for partitions in unit tangent bundle. However, all further applications of 
B§ are invariant under these choices. This justifies to call B§ the family of cells in 
SH associated to A and S. Each element in B§ is called a cell in SH. 

Example 4.117. For the Hecke triangle group G5 from Example 4.84 we choose 
§ = {(A, U5)}. Here we have k = 5 and cyl(^4) = 1. The first figure in Figure 15 
indicates a possible partition of ^{A) into the sets Ai t i, A\,2, • • ■ ,Ai,5. The unit 
tangent vectors in black belong to those in very light grey to -Ai,2, those in 

light grey to *4i,3, those in middle grey to -4i,4, and those in dark grey to Aia- 
The second figure in Figure 15 shows the cell Bi(A, C/5) in SH. 



Example 4.118. For the group T from Example 4.21 we choose as set of choices 
§ = {{Ai,id),(A2,S)} (cf. Example 4.84). The cells in SH which arise from 
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F{A) B X {A,U 5 ) 




Figure 15. A partition of J 7 (A) and the cell Bi(A, 1%) in SH. 
BiMi.id) Ba(^i,id) 




1 4 4 1 

Ul «2 W 2 



FIGURE 16. The cells in SH arising from (Ai 7 id). 

1, id) are shown in Figure 16. The cells in SH arising from (A2, S) are indicated 
Figure 17. 



BiCAa.S) B 2 (^ 2 ,5) B 3 M2,5) 




/ M 1/ \ ' \ 

* 4 1 4 1 

"2 v 3 v 2 



FIGURE 17. The cells in SH arising from (Ai,id). 
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Let S be a set of choices associated to A. 



Proposition 4.119. The union Uggl & * s disjoint and a fundamental set for T 
in SH. 



Proof. Construction 4.116 picks a fundamental set T for T in SH and chooses 
a family V ■= {J- Z (A) \ z G T , .A € A} of subsets of it. Since the union in (4.8) is 
disjoint, V is a partition of T . Recall the notation from Construction 4.116. One 
considers the family 



Pi : = 



\r z {Ai) \z£J 7 , (A, h A ) G S, j = 1, . . . , cy\(A) } 



The elements of V\ are pairwise disjoint and each element of V is contained in V\ . 
Hence, V\ is a partition of T . The next step is to partition each element of V\ into 
a finite number of subsets. Thus, J- is partitioned into some family V 2 of subsets 
of T . Then each element W of V 2 is translated by some element g(W) in T to get 
the family V 3 := {g(W)W | W G V 2 }. Since f is a fundamental set for T in SH, 
the elements of 7^3 are pairwise disjoint and 1J V 3 is a fundamental set for T in S'iJ. 
Now V3 is partitioned into certain subsets, say into the subsets Qi, I G L. Each 
cell B in 5*-?? is the union of the elements in some such that 1{B\) 7^ l(B 2 ) if 

Si 7^ #2. Therefore, the union 1J \B | i3 G B§} is disjoint and a fundamental set 
for T in SH. □ 

For each B G B§ set 6(B) := pr(B) n <9pr(£!) and let CS'(B) be the set of unit 
tangent vectors in B that are based on b(B) but do not point along dpi(B). 

Example 4.120. Recall the congruence subgroup PFo(5) and its cycles in A x 
Pr (5) from Example 4.84. We choose S := {(Aivi),^ 1 ), (A{v{), hi) } as set of 
choices associated to A and set 



B 2 
B, 



= B 1 (A{v i ),h~ 1 ) 
= § 2 (A(v 4 ),h- 1 ) 
= B 3 (A(v4),h- 1 ) 



B, 
B 5 
B 6 



Bi(A( Vl ),h 
B 2 (A( Vl ),h 
B 3 (A( Vl ),h 



as well as 



for j = 1, . 



CS^- := CS'(Bj) 
,6. Figure 18 shows the sets CS'. 
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Figure 18. The sets CS^-. 
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Lemma 4.121. Let Ai,A% be two basal precells in H and let g G T such that 
g ■ vc(.4i) fl vc(A2) 0- Suppose that A\ ^ Ai or g ^ id. Then 

g ■ vc (Ai) n vc (A 2 ) C g ■ vb (Ai) n vb (A 2 )- 

Moreover, suppose that Ai is cuspidal or non- cuspidal and that there is a unit 
tangent vector w € vc(Ai) pointing into a non-vertical side Si of A\ such that 
gw G vc(A2). Then gw points into a non-vertical side S2 of A2 and gSi = S2. 

PROOF. We have pi(g ■ vc(.4i)) = gpv(vc(Ai)) = gA± and pv(g ■ vb(Ai)) = 
gdAi, and likewise for pr(vc(^2)) = A2 and pr(vb(^2)) = cl4 2 . From 

g ■ vc(Ai) n vc(^a) ^ 

then follows that gA\ n„4 2 7^ 0- By Proposition 4.72, either gA\ = A2 and g G 
or gAi n A2 C gcMi n ■ Assume for contradiction that = ^2 with g G . 
Since Ai and ^2 are basal, Corollary 4.69 shows that g = id and A\ = Ai- This 
contradicts the hypotheses of the lemma. Hence gA\ n A2 Q gdA\ P\ dA2 and 
therefore 

g ■ vc(Ai) n vc(_4 2 ) C g • vb(^i) n vb(^4 2 ). 

Let Ai and iu be as in the claim. Further let 7 be the geodesic determined by w. 
Then gj is the geodesic determined by gw. By definition there exists e > such 
that 7((0,e)) C Si and gj((0,e)) C A 2 - Then 

7 ((0,e)) C S^g- 1 <^Air\g- l A 2 . 

Since the sets A\ and g~ 1 A2 intersect in more than one point and Ai 7^ g A2, 
Proposition 4.72 states that Ai n g~ x A2 is a common side of Ai and g~ 1 A2- Nec- 
essarily, this side is Si. Proposition 4.72 shows further that gS± is a non- vertical 
side of _4 2 . Thus, gw points along the non- vertical side gSi of A2- □ 

Proposition 4.122. Lei (»4, /i^) G § and suppose that A is a non-cuspidal precell 
in H. Let ((Aj,h 3 )) ._ x fc be the cycle in A x T determined by (A,hX)- For each 

m = 1, . . . , cyl(.A) we have b(B m (A, hjC}) = (h^oo, 00) and 

P r (B m (A, h A )) = B{A m )° U (ft^oo, 00). 

Moreover, CS' (B m (A, h a)) is the set of unit tangent vectors based on 00,00) 
that point into B(A m )° , and pr(CS'(i3 m (^4, hjCj)) = b(B m (A, hjCf). 

Proof. We use the notation from Construction 4.116. Let j G {1, . . . , cyl(_4)} 
and z G Aj. At first we show that J 7 z (Aj) 7^ 0. For each choice of T we have 
Aj C ^Hvc(^). Remark 4.104 states that pr(Xj) = Aj. Hence E z (Aj)nAj 7^ 0. 
More precisely, if (Aj) z denotes the set of unit tangent vectors based on z that 

point into Aj, then (Aj) — E z (Aj) f)Aj. The set (Aj) is non-empty, since Aj is 
convex with non-empty interior. Let k G J such that Ak 7^ Aj. Then 

E z (A k ) n E z (Aj) c vc (A k ) n vc (A 3 ) c vb (A) n vb 

where the last inclusion follows from Lemma 4.121. Since Aj n vb(A,) = by 
Lemma 4.107, it follows that 

(Aj) n E z (Ak) =Ajf] E Z (A 3 ) n E z (A k ) c ^ n vb (^) = 0. 
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Hence 

(4.9) R),C^). 
Let j G {1, . . . , cyl(.4)} set := ^-(.A, h A ) and 

Tj := .4° U (h j - 1 s ] -i,g j v} U Sj). 
Let me {l,...,k}. Then 

pr = |J pr (WW) 

= (J pr ( W £>) U (J pr (Wg>) U (J pr (W$>) 

zGTj z£ [sj ,00) z£ [ft, j _ 1 Sj-i.Oo) 

\T,j form ^{1,2}, 

Tj U [s j , 00 ) for m = 1 , 

[Tj U [/ij_iSj_i,oo) for m = 2. 

Note that necessarily k > 3. Then 

fe 

= U ffjffr 1 A«-j+i 

= U 9j9T lA u~j+i U //.,//, '--l... 1 U .'/;.</.,... I. i.j U (J g j g^ 1 Ai,i- j+1 . 
1=1 1=3+2 

Since Z - j + 1 ^ 1, 2 mod fe for Z G {1, . . . ,j - 1} U {j + 2, . . . , fe}, it follows that 

j-i 

P r = U 9j9i l W {Ai.i- J+ i) U pr (Xj t i) U hj 1 pr (-A 3 -+i, 2 J 

k 

u U &0/ _1 P r (Au-j+i) 
1=3+2 

(J </,//; ' /'; U V, U [ Sj , 00) U //, 'T; . : U ftT 1 [fy^ . x ) |J g j9l l> 
1=1 1=3+2 
k 

U 9j9i lT i u (V lo °' °°)- 



2=1 



For the last equality we use that pr oc (s j; ) = hj 00 by Lemma 4.54. Hence Sj is 
contained in the geodesic segment pr~~ 3 1 (/i~ 1 oo)nif = (hJ 1 oo, 00), which shows that 
the union of the two geodesic segments [sj, 00) and [sj, hj 00) is indeed (hj 00, 00). 
Proposition 4.89 implies that 

pr (Bj) = B(Aj)° U (hj 1 00, 00). 



4.6. PRECELLS AND CELLS IN SH 



79 



This shows that b(Bj) = (hj 1 oo, oo). The set of unit tangent vectors in Bj that are 
based on b(Bj) is the disjoint union 

U w^uhji u <u 

z£ [sj ,00) z£ [^J S J 

2£[sj, 00) z£ [hj Sj ,cx>) 

To show that CS'(Bj) is the set of unit tangent vectors based on b(Bj) that point 
into B(Aj)° we have to show that £K contains all unit tangent vectors based on 
[sj,oo) that point into A° and all unit tangent vectors based on (hj ex, Sj] that 
point into hJ 1 A° +1 and the unit tangent vector which is based at Sj and points 
into [sj, gjv]. If w is a unit tangent vector based on [hjSj, 00) that points into A° +1 , 
then, clearly, h~ 1 w is a unit tangent vector based on [sj,hj 00) that points into 
hJ 1 A° +1 . Hence, (4.9) shows that D'- contains all unit tangent vectors of the first 
two kinds mentioned above. Let w be the unit tangent vector with pr(u>) = Sj 
which points into [sj,gjv]. 

Suppose first that w £ T . Then w £ vc(Aj) n J- and therefore w £ E s .(Aj). 

Let k G J with Ak 7^ Aj. Assume for contradiction that w £ vc(.Afc). Lemma 4. 121 
implies that [sj,gjv] is a non- vertical side of Ak, which is a contradiction. Hence 
w £ E Sj (Ak)- Therefore, w G .F^. (A,-) and hence w G D^-. 

Suppose now that w £ J-. Then there exists a unique g G L\{id} such that 
gw G J 7 . Let „4 be a basal preccll in such that gw £ vc(A) n J- . Lemma 4.121 
shows that g[sj,gjv] is a non-vertical side S of A Thus, g~ x A C\ B(Aj)° 7^ 0. 
By Proposition 4.89(iv) there is a unique I G {1, . . . , fc} such that g = SzffjT 1 and 
A = Ai- Now [sj, gjv] is mapped by /i^ to the non-vertical side [hjSj, gj+iv] of 
Aj+\. Thus, g = hj and A = Aj+i. Then hjiv £ vc(.Aj+i). As before we see that 
w £ Dj. Moreover, pr(CS'(0 3 )) = b(B 3 ). □ 

Analogously to Proposition 4.122 one proves the following two propositions. 

Proposition 4.123. Let (A,h A ) £ § and suppose that A is a cuspidal precell in 

H . Let v be the vertex of K, to which A is attached and let ((A,g), (A' ,g -1 )) be the 
cycle in A X T determined by (A, h A ). Then 

b(Bi(A, h A )) = (v,oo), b(B 2 {A,h A )) = (gv,oo), b(B 3 (A,h A )) = (g^oo,^) 
and 

pr (Bi(A,h A )) = B(A)° U (u,oo), 
P r (B 2 (A, h A )) = B(A')° U (gv, 00), 
pr (B 3 (A, h A )) = B(A)° U (.g^oo, oo). 

Moreover, CS {B m [A, h A )) is the set of unit tangent vectors based on b(B m (A, h A )) 
that point into pr(Z? m (.A, h A ))° , and pr(CS (B m (A, h A ))) = b(B m (A, h A )) for m = 

I, 2,3. 

Proposition 4.124. Let {A, h A ) £ S and suppose that A is a strip precell. Let 
v\,x>2 be the two (infinite) vertices of K- to which A is attached and suppose that 



4. CUSP EXPANSION 



v± < V2- For ui — 1,2 we have b(B m {A, hjCj) = (t'm, oo) and 

pr (£ m (.A,/u)) =B(A)° U(v m ,oo) = A°U(v m ,cx)). 

Moreover, CS' (B m (A, hj()) is the set of unit tangent vectors based on (v m ,oo) that 
point into B(A)°, and pr(CS'(£! m (A h A ))) = b(B m (A, h A )). 

Corollary 4.125. Let B € B§. Then B := cl(pr(S)) is a cell in H and b(B) a side 
ofB. Moreover, pr(B) = B° U b(B) and pr(S)° = B° . 

Proof. This follows directly from a combination of Proposition 4.122 with 
4.89 resp. of Proposition 4.123 with 4.90 resp. of Proposition 4.124 with 4.91. □ 

The development of a symbolic dynamics for the geodesic flow on Y via the 
family B§ of cells in SH is based on the following properties of the cells B in SH: 
It uses that cl(pr(£>)) is a convex polyhedron of which each side is a complete 
geodesic segment and that each side is the image under some element g S V of the 
complete geodesic segment b(B') for some cell B' in SH. It further uses that 1J B§ 
is a fundamental set for T in SH and that {g ■ cl(pr(Z?)) \ g E T, B E B§} is a 
tesselation of H. Moreover, one needs that b(B) is a vertical side of pr(£?) and that 
CS'(£>) is the set of unit tangent vectors based on b(B) that point into pr(S)°. It 
does not use that {cl(pr(S)) | B E B§} is the set of all cells in H nor does one need 
that for some cells B\,Bi E B§ one has cl(pr(Si)) = B(pi(B2))- This means that 
one has the freedom to perform (horizontal) translations of single cells in SH by 
elements in Too. The following definition is motivated by this fact. We will see that 
in some situations the family of shifted cells in SH will induce a symbolic dynamics 
which has a generating function for the future part while the symbolic dynamics 
that is constructed from the original family of cells in SH has not. 

Definition 4.126. Each map T: B§ — > ("translation") is called a shift map foi- 
ls . The family 

B S , T := {T{B)B | B e B s } 

is called the family of cells in SH associated to A, § and T. Each clement of B§,t 
is called a shifted cell in SH. 

For each B £ B S , T define b(B) := pr(B) n dj)i(B) and let CS'(B) be the set of 
unit tangent vectors in B that are based on b(B) but do not point along 9pr(S). 

Let T be a shift map for B§. 

Remark 4.127. The results of Propositions 4.119 and 4.122-4.124 remain true for 
Bg ; T after the obvious changes. More precisely, the union IjBg.T is disjoint and a 
fundamental set for V in SH, and if B e B s , then pr (T(B)B) = T(B)pr(B) and 
b(T(B)B) = T(B)b(B). Then CS' (T(B)B) is the set of unit tangent vectors based 
on T(B)b(B) that point into T(B)pr(B)°. 

4.7. Geometric symbolic dynamics 

Let r be a geometrically finite subgroup of PSL(2, R) of which oo is a cuspidal 
point and which satisfies (A2). Suppose that the set of relevant isometric spheres is 
non-empty. Let A be a basal family of precells in H and denote the family of cells 
in H assigned to A by B. Suppose that S is a set of choices associated to A and let 
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B§ be the family of cells in SH associated to A and S. Fix a shift map T for B§ 
and denote the family of cells in SH associated to A,S and T by B§,t- Recall the 
set CS'(S) for B £ B S . T from Definition 4.126. We set 

CS'(I s ,t) := |J CS'(B) and CS(B s ,t) := tt( CS'(B s ,t)) ■ 

8GB S|T 

In Section 4.7.1, we will use the results from Section 4.6 to show that CS satisfies 
(CI) and hence is a cross section for the geodesic flow on Y w. r. t. certain measures 
/i. It will turn out that the measures \i are characterized by the condition that 
NIC (see Remark 4.101) be a /it-null set. We start by showing that CS = CS(Bs,t). 
This suffices to characterize the geodesies on Y which intersect CS at all. Then we 
investigate the location of the endpoints in d g H of the geodesies on H determined 
by the elements in CS'(S), B £ M s .j- This result and the fact that CS'(Bs,t) is a 
set of representatives for CS allows us to provide a rather explicit description of 
the structure how CS = 7r (CS) (see Section 4.5) decomposes into T-translates of 
the sets CS'(23), B £ B§t- These investigations culminate, in Proposition 4.139, 
in the determination of the location of next and previous points of intersection of 
a geodesic 7 on H and the set CS. The purpose of Proposition 4.139 is two-fold. 
At first we will use it to decide which geodesies on Y intersect CS infinitely often 
in future and past and for the determination of the maximal strong cross section 
contained in CS. In Section 4.7.2, the results of Proposition 4.139 will allow to 
define a natural labeling of CS and a natural symbolic dynamics for the geodesic 
flow on Y. 

4.7.1. Geometric cross section. Recall the set BS from Section 4.5. 

Lemma 4.128. Let B £ BgT- Then pr(£>) is a convex polyhedron and <9pr(£>) 

consists of complete geodesic segments. Moreover, we have that pr(B)° D BS = 
and dpr(B) C BS and pr(B) PI BS = b(B) and that b(B) is a connected component 
of BS. 

PROOF. Let B\ be the (unique) element in B§ such that B = T{B\)B\. Corol- 
lary 4.125 states that B\ := cl(pr(£>i)) is a cell in H and that b{B\) is a side of 
By. Moreover, pr(Bi) = B\ U b{B x ) and hence j?r(Bi) = B°. Thus, dpr(Bi) = dBi 
consists of complete geodesic segments, pr(0i)° n BS = 0, dpr(Bi) C BS and 
pr(Si) n BS = b(Bi). Now the statements of the lemma follow from pr(2?) = 
T(Bi) pr(Bi) and b{B) = T{Bi)b(Bi) and the T-invariance of BS. □ 

Proposition 4.129. We have CS = CS(B§ ! t). Moreover, the union 

CS'(B S , T ) = (J { CS'(B) I B £ B S , T } 

is disjoint and CS (Bs,t) is a set of representatives for CS. 

PROOF. We start by showing that CS(B§ iT ) C CS. Let B £ B SjT . Then there 
exists a (unique) B\ £ B§ such that B = T(Bi)Bi. Lemma 4.128 shows that 
b(Bi) is a connected component of BS. The set CS (Bi) consists of unit tangent 
vectors based on b(Bi) which are not tangent to it. Therefore, CS (Bi) C CS. 
Now b(B) = T(Bi)Bi and CS'(S) = T(Si) CS'(Bi) with T(Bi) £ r. Thus, we 
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see that ir(b(B)) C tt(BS) = BS and tt(CS'(B)) C tt(CS) = CS. This shows that 
CS(B s ,t) C CS. 

Conversely, let {? <G CS. We will show that there is a unique B £ Bs,t and 
a unique w € CS'(B) such that tt(v) = v. Pick any w £ 7r _1 (?;). Remark 4.127 
shows that the set V := \}\B \ B £ Bs,t} is a fundamental set for T in SH. Hence 
there exists a unique pair (B,g) £ B§.t x T such that w := gw £ B. Note that 
tt-^CS) = CS. Thus, v £ CS and hence pr(u) £ pr(B) n BS. Lemma 4.128 shows 
that pr(u) G 6(B). Therefore, t> G 7r _1 (&(#)) H £>. Since u G CS, it docs not point 
along b(B). Hence v does not point along dpr(B), which shows that v £ CS'(B). 
This proves that CS C CS(B s ,t). 

To see the uniqueness of B and v suppose that w\ £ 7r _1 ( ; u). Let (B\,g{) £ 
B§ ; t x r be the unique pair such that g\w\ £ B\ . There exists a unique element h £ V 
such that hw = w\. Then g\hg~ x v = gw\ and v, gihg~ 1 v £ V . Now V being a 
fundamental set shows that g\hg~~ x = id, which proves that g%Wi = g\hw = gw = v 
and B\ = B. This completes the proof. □ 

Corollary 4.130. Let 7 be a geodesic on Y which intersects CS in t. Then there 
is a unique geodesic 7 on H which intersects CS (B§ x) mi t such that 77(7) = 7. 

Definition 4.131. Let 7 be a geodesic on Y which intersects CS in 7'(to)- If 

s := min{< > t \ j'(t) £ CS} 

exists, we call s the first return time of 7' (to) and 7'(s) the next point of intersection 
0/7 and CS. Let 7 be a geodesic on H. If 7'(t) £ CS, then we say that 7 intersects 
CS m t. If there is a sequence (t n )neN with liirin^oo t n = 00 and 7'(t n ) S CS for 
all n G N, then 7 is said to intersect CS infinitely often in future. Analogously, if 
we find a sequence (t n )neN with lim„_ i . 00 t„ = —00 and 7'(t n ) G CS for all n £ N, 
then 7 is said to intersect CS infinitely often in past. Suppose that 7 intersects CS 
in to. If 

s := min{t > f | V(t) G CS } 
exists, we call s the first return time of 7' (to) and 7'(s) the next point of intersection 
0/7 and CS. Analogously, we define the previous point of intersection of 7 and CS 
resp. of 7 and CS. 

Remark 4.132. A geodesic 7 on Y intersects CS if and only if some (and hence 
any) representative of 7 on H intersects 7r _1 (CS). Recall that CS = 7r _1 (CS), and 
that CS is the set of unit tangent vectors based on BS but which are not tangent 
to BS. Since BS is a totally geodesic submanifold of H (see Proposition 4.99), a 
geodesic 7 on H intersects CS if and only if 7 intersects BS transversely. Again 
because BS is totally geodesic, the geodesic 7 intersects BS transversely if and only 
if 7 intersects BS and is not contained in BS. Therefore, a geodesic 7 on Y intersects 
CS if and only if some (and thus any) representative 7 of 7 on H intersects BS and 
70R) % BS. 

A similar argument simplifies the search for previous and next points of inter- 
section. To make this precise, suppose that 7 is a geodesic on Y which intersects 
CS in 7' (to) and that 7 is a representative of 7 on H . Then 7'(to) £ CS. There 
is a next point of intersection of 7 and CS if and only if there is a next point of 
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intersection of 7 and CS. The hypothesis that 7' (to) € CS implies that 7(H) is 
not contained in BS. Hence each intersection of 7 and BS is transversal. Then 
there is a next point of intersection of 7 and CS if and only if "/((to, 00)) intersects 
BS. Suppose that there is a next point of intersection. If 7'(s) is the next point of 
intersection of 7 and CS, then and only then j'(s) is the next point of intersection 
of 7 and CS. In this case, s = min{t > to | 7(t) £ BS}. 

Likewise, there was a previous point of intersection of 7 and CS if and only 
if there was a previous point of intersection of 7 and CS. Further, there was a 
previous point of intersection of 7 and CS if and only if 7((— 00, to)) intersects BS. 
If there was a previous point of intersection, then j'(s) is the previous point of 
intersection of 7 and CS if and only if 7'(s) was the previous point of intersection 
of 7 and CS. Moreover, s = max{t < to | 7(t) £ BS}. 

Proposition 4.134 provides a characterization of the geodesies on Y which in- 
tersect CS at all. Its proof needs the following lemma. 

Lemma 4.133. Let U be a convex polyhedron in H and 7 a geodesic on H . 

(i) Suppose that t £ K such that 7(4) £ dll. If "f((t, 00)) C U, then either there 
is a unique side S of U such that j((t, 00)) C S or 7((t, 00)) C U° . 

(ii) Suppose that ti,t2,t3 £ R such that ti < t-2 < t^ and 7(ti), 7^2), 7^3) £ dU . 
Then there is a side S of U such that S C 7(K). 

(hi) // 7(±oo) £ d g U, then either 7(E) C U° or 7(E) C dU . If £ U and 
7(00) £ d g U, then either 7 ((t, 00)) C U° or 7 ([f , 00)) C dU . 

Proof. We will use the following specialization of [Rat06, Theorem 6.3.8]: 
Suppose that s is a non-trivial geodesic segment with endpoints a, b (possibly in 
d g H) which is contained in U . If there is a side S of U such that s\{a, b} intersects 
S, then s C S. 

For (i) suppose that there exists ti £ (t, 00) such that 7(ti) £ dU. If 7(ti) is an 
endpoint of some side of U, then there are two sides Si, S2 of U which have 7(ti) as 
an endpoint. Assume for contradiction that Si,S2 C 7(H). Since 7(ti) £ Si n S2, 
the union T := Si U S2 is a geodesic segment in dU and hence S is contained 
in a side of U. This contradicts to 7(ti) being an endpoint of the sides Si and 
S 2 . Suppose that Si % 7(R)- Let (Si) be the complete geodesic segment which 
contains Si. Then (Si) divides H into two closed halfplanes Hi and H2 (with 
Hi n H2 = (Si)) one of which contains 7(t), say H\. Now 7(H) intersects (Si) 
transversely in 7(ti). Since ti > t, the segment 7((ti,oo)) is contained in Hi- 
This contradicts to 7((t,oo)) C U. Hence 7(ti) is not an endpoint of some side 
of U. Let S be the unique side of U with 7 (ti) £ S. Then S C 7((t,oo)). The 
previous argument shows that 7((t,oo)) does not contain an endpoint of S, hence 
7((t, 00)) C S. Finally, since S is closed, 7([t, 00)) C S. 

For (ii) let s := [7(ti), "/(h)]. Since 7(ti) and 7^3) are in U, the convexity of 
U shows that s C {/. Now 7(t 2 ) £ (j(ti), 7^3)) n dU. As in the proof of (i) it 
follows that 7(t2) is not an endpoint of some side of U. Let S be the unique side 
of U with 7(t2) £ S. Then s C S. Since the geodesic segment S contains (at least) 
two point of the complete geodesic segment 7QR), it follows that S C 7(E). 

For (iii) it suffices to show that 7(M) C U resp. that 7((t, 00)) C U. This 
follows from [Rat06, Theorem 6.4.2]. □ 
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Proposition 4.134. Let 7 be a geodesic on Y . Then 7 intersects CS if and only 
z/ 7 ^NC. 

Proof. Let B be the family of cells in H assigned to A. Recall from Propo- 
sition 4.98 that NC = NC(B). Suppose first that 7 £ NC. Then we find 23 £ B 
and a representative 7 of 7 on H such that 7(±oo) £ bd(Z3). Since B is a convex 
polyhedron and 7(±oo) £ <9 g 23, Lemma 4.133(iii) states that either 7(K) C B° or 
7(R) C 96. Corollary 4.96 shows that B° n BS = and 96 C BS. Thus, either 
7(M) docs not intersect BS or 7(E) C BS. Remark 4.132 shows that in both cases 
7 does not intersect CS, and therefore 7 does not intersect CS. 

Suppose now that 7 does not intersect CS. Then each representative of 7 on H 
does not intersect CS. Let 7 be any representative of 7 on H . We will show that 
there is a cell B in H and a to 7 equivalent geodesic 77 such that ?7(±oo) £ bd(23). 
Pick a unit tangent vector v to 7. Recall from Proposition 4.119 that {J{B | B £ M§} 
is a fundamental set for L in STf. Thus, there is a pair (23, g) £ B§ x L such that 
gv £ 23. Set 77 := 177. Lemma 4.128 states that 9pr(23) consists of complete 
geodesic segments and <9pr(23) C BS. By assumption, 77 docs not intersect BS 
transversely, which implies that 77 does not intersect <9pr(23) transversely. Because 
?7(M)ncl(pr(23)) ^ 0, it follows that 77(E) C cl(pr(23)). Thus, r?(±co) £ d g cl(pr(23)). 
By Corollary 4.125, 23 := cl(pr(23)) is a cell in H. Therefore ?7(±oo) £ bd(23), which 
shows that 7 = rj £ NC(23) C NC. □ 

Suppose that we are given a geodesic 7 on Y which intersects CS in 7' (to) an d 
suppose that 7 is the unique geodesic on H which intersects CS'(Bs,t) in 7'(^o) 
and which satisfies tt(j) = 7. Our next goal is to characterize when there is a next 
point of intersection of 7 and CS resp. of 7 and CS, and, if there is one, where 
this point is located. Further we will do analogous investigations on the existence 
and location of previous points of intersections. To this end we need the following 
preparations. 

Definition 4.135. Let 23 £ Msj and suppose that 6(23) is the complete geodesic 
segment (a, 00) with ael. Wc assign to 23 two intervals 7(23) and J(23) which are 
given as follows: 

1(B) 



[(a, 00) if pr(23) C {z £ H \ Rcz > a}, 
[(-00, a) if pr(23) C {z £ H | Rez < a}, 



and 



J(B) 




if pr(23) C {z £ H \ Rcz > a}, 
if pr(23) C {z £ H \ Rcz < a}. 



Note that the combination of Remark 4.127 with Propositions 4.89(i) and 4.122 
resp. with Propositions 4.90(i) and 4.123 resp. with Remark 4.56 and Proposi- 
tion 4.124 shows that indeed each 23 £ Bs,t gets assigned a pair (l(B), J(B)) of 
intervals. 

Lemma 4.136. Let 23 £ Bg t. For each v £ CS'(B) let j v denote the geodesic on H 
determined by v. If v £ CS'(23) ; then (7^(00), j v (—00)) £ 1(B) x J(B). Conversely, 
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if (x,y) £ 1(B) x J(B), then there exists a unique element v in CS (B) such that 
(7„(oo),7„(-oo)) = (x,y). 

Proof. Let v e CS'(B). By Proposition 4.122 resp.j4.123 resp. 4.124 ^recall 
Remark 4.127), the unit tangent vector v points into pr(B)° and pr(w) <E b(B). By 
definition we find e > such that 7t,((0,e)) C pr(B)°. Then 7„(K) intersects b(B) 
in 7„(0) = pr(«). From 7„(e/2) € pr(B)° and hence 7„(e/2) ^ 6(B), it follows that 
7„(1R) 7^ 6(B). Since 7„(R) and 6(B) are both complete geodesic segments, this 
shows that pr(u) is the only intersection point of 7„(R) and 6(B). Now 6(B) divides 
H into two closed half-spaces Hi and Hi (with Hi fl H2 = 6(B)) one of which 
contains pr(B), say pr(B) C Hi. Then 7„((0,oo)) C Hi and J v ((— 00, 0)) C i7 2 . 
The definition of 1(B) and J(B) shows that (7^(00), 7„(— 00)) G 1(B) x J(B). 

Conversely, let (x,y) £ 1(B) x J(B). Suppose that 6(B) is the geodesic segment 
(a, 00) and suppose w.l.o.g. that 1(B) is the interval (a, 00) and J(B) the interval 
(— cxi, a). Let c denote the complete geodesic segment [x,y\. Since x > a > y, the 
geodesic segment c intersects 6(B) in a (unique) point z. There are exactly two unit 
tangent vectors Wj, j = 1, 2, to c at z. For j £ {1, 2} let r y Wj denote the geodesic 
on H determined by Wj . Then j w . (M.) = c and 

(7^(00), j Wl (-00)) = (7„, 2 (cxj),7 u , 2 (-oo)) 

with 

(7t«i( 00 )>7t«i(- 00 )) = ( X ,V) or (t^^oo)^^^-^)) = (y,x). 
W.l.o.g. suppose that ry Wl (00), j Wl (— 00)) = (x,y) and set w := Wi. We will show 
that v points into pr(B)°. The set 6(B) is a side of cl(pr(B)) and, since cl(pr(B)) 
is a convex polyhedron with non-empty interior, 6(B) is a side of pr(B)°, hence 
6(B) C <9pr(B)°. Since z is not an endpoint of 6(B), there exists e > such that 

B £ (z) n pr (B)° = B e (z) n {z £ H \ Rcz > a}. 

Now 7„((0,oo)) C {z £ H I Rez > a} with 7„(0) = z. Hence there is 5 > such 
that 

74(0,(5)) C B e (z)n{z £ H I Rcz > a}. 

Thus 7„((0,5)) C pr(B)°, which means that v point into pr(B)°. Then Propo- 
sition 4.122 resp. 4.123 resp. 4.124 states that v £ CS'(B). This completes the 
proof. □ 



Let B £ Bg,T and g £T. Suppose that 1(B) = (a, 00). Then 

(ga,goo) if ga < goo, 

(ga, 00] U (—00, goo) if goo < ga, 



gi(B) = 

and 

gj{B) = 



(ga, 00] U (— 00, goo) if ga < goo, 
(ga,goo) if .goo < ga. 

Here, the interval (6,00] denotes the union of the interval (6,00) with the point 
00 £ d g H. Hence, the set / := (6,00] U (— 00, c) is connected as a subset of d g H. 
The interpretation of / is more eluminating in the ball model: Via the Cayley 
transform C the set d g H is homeomorphic to the unit sphere S 1 . Let 6' := C(b), 
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d := C(c) and V := C(I). Then I' is the connected component of S 1 \{b', c'} which 
contains C(oo). 

Suppose now that 1(B) = (—00, a). Then 



91(B) = 

and 

gJ{B) = 



(— 00, ga) U (g{— 00), 00] if ga < g(— 00), 
(ff(-oo)jffo) if ff(-oo) < .9a, 



(s(-°°),$ra) if 9 a < 9(-°°), 

(— 00, 5a) U (g(— 00), 00] if a(— 00) < ga. 



Note that for g = ( " 5 J we have 

, at + /3 a + /3s a + /3s 
<7(— 00 j = lim = Inn — = hm — = goo. 

t\~oo jt + s/0 7 + OS s\0 7 + OS 

In particular, id (—00) = 00. 

Let a,b G R. For abbreviation we set (a, 6)+ := (min(a, 6), max(a, b)) and 
(a, o)_ := (max(a, 6), 00] U (—00, min(a, 0)). 

Proposition 4.137. Lei B € B§.t a^d suppose that S is a side ofpi(B). Then 
there exist exactly two pairs (B\ 1 gi), (62,32) G Bs.t x T smc/i £/iai S* = gjb(Bj). 
Moreover, gi cl(pr(£>i)) = cl(pr(B)) and g% cl(pr(B2)) H cl(pr(B)) = 5 or vice versa. 
The union g\ CS (Si) U 32 CS (S2) * s disjoint and equals the set of all unit tangent 
vectors in CS that are based on S. Let a,b £ d g H be the endpoints of S. Then 
gil(Bi) x giJ(Bi) = {a,b) + x (a,6)_ and g 2 I(B 2 ) x g 2 J(B 2 ) = (o,6)_ x (a, 6)+ or 
mce versa. 

Proof. Let £>' denote the set of unit tangent vectors in CS that are based 
on S. By Lemma 4.128, S is a connected component of BS. Hence D' is the set 
of unit tangent vectors based on S but not tangent to S. The complete geodesic 
segment S divides H into two open half-spaces H\ , H 2 such that H is the disjoint 
union Hi U S U i?2- Moreover, pr(S)° is contained in i?i or f/2, say pr(2?)° C Lfi. 
Then D' decomposes into the disjoint union D[ U D' 2 where D'j denotes the non- 
empty set of elements in D' that point into Hj . For j = 1,2 pick Vj £ . Since 
CS'(Bs.t) is a set of representatives for CS = 7r(CS) (see Proposition 4.129), there 
exists a uniquely determined pair (Bj,gj) <G B§.t x T such that Vj <G g j CS' (Bj). 
We will show that 5 = gjb(Bj). Assume for contradiction that S 7^ gjb(Bj). 
Since S and gjb(Bj) are complete geodesic segments, the intersection of S and 
gjb(Bj) in pr(vj) is transversal. Recall that 5 C 9pr(£>) and 6(Sj) C dpr(Bj) and 
that <9pr(#')° = dpv(B') for each S' € B S , T . Then there exists e > such that 
B £ (pr(^)) n pr(S)° = B e (pr(u,)) n i?i and 

B e ( W ( Vj )) n ft pr(Bi)°nFi ^0. 

Hence pr(Z?)°n<7j pr(£>j)° 7^ 0. Proposition 4.93 resp. 4.94 resp. 4.95 in combination 
with Remark 4.127 shows that cl(pr(£?)) = gj cl(pr(Hj)). But then 

d-pi(B) = gjdpT(Bj), 
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which implies that S = gjb(Bj). This is a contradiction to the assumption that S ^ 
gjb(Bj). Therefore S = gjb(Bj). Then Lemma 4.136 implies that gjl(Bj) x gjJ(Bj) 
equals (a, £>)+ x (a, 6)_ or (a, 6)_ x (a, 6)+. On the other hand 

dgHi x <9 3 iJ 2 = {(7„(oo),7„(-oo)) | w G £>i} = {(7„(-oo),7„(oo)) | ueflj} 

equals (a, 6)4- x (o, 6)_ or (a, 6)_ x (a, Therefore, again by Lemma 4.136, 

ffj CS'(Bj) = D'j. This shows that the union g x CS'(Bi) U g 2 CS'(B 2 ) is disjoint and 
equals D' . 

We have cl(pr(B)) C Hi and .gi cl(pr(Bi)) C Hi with 5 C dpr(B) r\gidpr(Bi). 
Let z £ S. Then there exists e > such that 

5 e (z)npr(S)° =B e (z)nH 1 =S £ (z)n 5 ipr (Br) . 

Hence pr(B)° n £fipr(Bi)° ^ 0. As above we find that cl(pr(B)) = gi cl(pr(Bi)). 
Finally, g 2 cl(pr(B 2 )) Q H 2 with 

S C 5 2 cl ( pr (B 2 )) n i?i C i7 2 n i?i = S. 

Hence cl(pr(B)) n g 2 cl(pr(B 2 )) = S. □ 

Let B G Bg^ and suppose that 5 is a side of pr(B). Let (Bi, c/i), (B 2 ,g 2 ) be the 
two elements in Bs,t x T such that S = gjb(Bj) and cl(pr(Bi)) = cl(pr(B)) and 
g 2 cl(pr(B 2 )) n cl(pr(B)) = S. Then we define 

p{B,S):=(Bi,gi) and n(B, S) := (B 2 ,<? 2 ). 

Remark 4.138. Let B G Bs ; t and suppose that 5 is a side of pr(B). We will show 
how one effectively finds the elements p(B, S) and n(B, S). Let 

(Bi, ki) := p(B, S) and (B 2 , fc 2 ) := n(B, S). 

Suppose that B' is the (unique) element in Bs such that T(B')B' = B and suppose 
further that BJ G B s such that T(B])B] = Bj for j = 1,2. Set S" := T{B')- X S. 
Then S' is a side of pr(B'). For j = 1, 2 we have 

S" = TT^B') -1 ,? = T(B') -1 fcj-&(Bj) = T (B') ~ 1 fcj T (Bj- ) 6 (B^- ) 

and 

% eljpr {Bi))= kjT{B$ cl (pr (B^)). 

Moreover, cl(pr(B)) = T(B') cl(pr (£'))• Then fcicl(pr(Bi)) = cl(pr(B)) is equiva- 
lent to 

T{B'Y%T(B' l ) cl (pr (B[)) = cl (pr {&)), 

and k 2 cl(pr(B 2 )) H cl(pr(B)) = S is equivalent to 

T(B') _1 fc 2 T(B 2 )cl(pr (B 2 )) nd(pr (B')) = S". 

Therefore, (Bi,fci) = p(B,S) if and only if (B[, T(B') _1 fciT(Bi)) = p(B',S'), and 
(B 2 , fc 2 ) = n(B, 5) if and only if (B 2) T(B')- 1 /fc 2 T(B 2 )) = n(B', S'). 

By Corollary 4.125, the sets B' := cl(pr(B')) and B'j := cl(pr(B^)) are A-cells 
in H . Suppose first that B' arises from the non-cuspidal basal prcccll A' in H. 
Then there is a unique element [A, hjC) G S such that for some h G Y the pair 
(A',h) is contained in the cycle in A x Y determined by (A,hj^). Necessarily, 
A is non-cuspidal. Let \(Aj,hj)) _ 1 k be the cycle in A x Y determined by 
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(A,h A ). Then A' = A m for some m G {1, . . . , cyl(^4)} and hence B' = B(A m ) 
and B' = B m (A, h A ). For j = 1, . . . , k set </i := id and <7j + i := /ij<7j- Propo- 
sition 4.89(iii) states that B(A m ) = g m B(A) and Proposition 4.89(i) shows that 
S' is the geodesic segment [g m gj 1( x>, SmSj+i 00 ] f° r some j € {1, ...,k}. Then 
9j9rnS' = [oo,hJ oo]. Let n G {1, . . . , cyl(.4)} such that n = j mod cyl(„4). 
Then h n = hj by Lemma 4.113. Proposition 4.122 shows that b(B n (A, h A )) — 
[oo, h^oo] = gjg^S' . We claim that (Bj(A, h A ), gmgj 1 ) = p(B', S'). For this is re- 
mains to show that g m g~ x cl(pr (£>.,■ („4, h A ))) = cl(pr(£>')). Proposition 4.122 shows 

that cl(pr (Bj (A, h A ))) = B{A n ) and Lemma 4.113 implies that B{A n ) = B(Aj). 
Let v be the vertex of JC to which A is attached. Then gjv G B(Aj)° and 
Omgj^jv = g m v G B(A m )°- Therefore g^B^) n B{A m )° ^ 0. From Propo- 
sition 4.93 it follows that g m gJ l B(Aj) = B{A m ). Recall that B(A m ) = cl(pr(2?'))- 
Hence (B j (A,h A ),g m gJ 1 ) = p{B',S') and 

(T (Bj (A, h A )) Bj {A, h A ) , T (§') g m gj X T (B 3 (A, h A ) ) " 1 ) = p (B, S) . 

Analogously one proceeds if A' is cuspidal or a strip precell. 

Now we show how one determines (£>2, fe). Suppose again that B' arises from 
the non-cuspidal basal precell A 1 in H. We use the notation from the determination 
of p(B',S'). By Corollary 4.69 there is a unique pair (A,s) G A x Z such that 
b{B n (A, h A )) n t s x A + and t\A ^ A n . Then t^g^g-^S 1 is a side of the cell B(A) 
in H. As before, we determine (63,^3) elgxl such that kzb(B 3 ) = t^ s g 3 g^S' 
and fc 3 cl(pr(6 3 )) = B(A). Recall that g 3 g m l S' is a side of B(Aj) = B(A n )- We 
have 

.</,,.</, '/a/,-., d ( P r (63)) n cl ( pr (&')) = g m gjH s x B{A) n S(.A m ) 

= .9 m g7 1 (^(-^) nS (A)) 
= . 9m5 7 1 (ns(^)ns(A l )) 
= 9r, l g~ 1 gjgm 1 S' 
= S'. 

Thus n(B\S") = (B 3 ,g m g-Hlk 3 ) and 

ra(B,S) = (T(63)S3,T(6')gm57 1 nfc3T(%)" 1 ). 

If B' arises from a cuspidal or strip precell in H , then the construction of n(B, S) 
is analogous. 

Proposition 4.139. Let j be a geodesic on Y and suppose that 7 intersects CS 
m 7'(£ )- £e£ 7 6e £/ie unique geodesic on H such that 7'(io) G CS'(B§t) 
7r(7'(t )) = 7' (io)- ^ G Bg T be the unique shifted cell in SH for which we have 
-/(to) g CS'(B). 

(i) There is a next point of intersection of 7 and CS if and only 1/7(00) does not 
belong to d g pr(£>). 
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(ii) Suppose that 7(00) ^ d g pr(B). Then there is a unique side S of pr(Z?) in- 
tersected by "f((to, 00)). Suppose that (B\,g) = n(B,S). The next point of 
intersection is on gCS'(Bi). 

(iii) Let (B',h) = n(B,b(B)). Then there was a previous point of intersection of 7 
and CS if and only if j(— 00) ^ hd g pi(B'). 

(iv) Suppose that "/(— 00) ^ hd g pi(B'). Then there is a unique side S of hpv(B') 
intersected by 00, to)). Let (B2, h^ 1 ^) = p(B', h S). Then the previous 
point of intersection was on fcCS'(£>2). 

Proof. We start by proving (i). Recall from Remark 4.132 that there is a 
next point of intersection of 7 and CS if and only if j((to,oo)) intersects BS. 
Since 7'(*o) € CS'(S), Proposition 4.122 resp. 4.123 resp. 4.124 in combination 
with Remark 4.127 shows that 7' (to) points into pr(S)°. Lemma 4.128 states that 
pr(S)° n BS = and dpr(B) C BS. Hence 7((i , 00)) docs not intersect BS if and 
only if 7((io, 00)) C pr(B)°. In this case, 

7(00) G cl w (pr(B)) n d g H = d g pr(B). 

Conversely if 7(00) G d g pi(B), then Lemma 4.133(iii) states that 7((io,oo)) C 
pr(S)° or 7((io,oo)) C dpx(B). In the latter case, Lemma 4.128 shows that 
7(^0,00)) C BS. Hence, if 7(00) G dgpr(B), then 7(^0,00)) C pr(B)°. 

Suppose now that 7(00) ^ d g pr(i3). The previous argument shows that the geo- 
desic segment 7((io, 00)) intersects d pr(£>), say7(ti) G dpi(B) with ^ G (t ,oo). If 
there was an element t 2 £ (to, oo)\{ii} with 7(^2) G dpr(B), then Lemma 4.133(h) 
would imply that there is a side S of pr(i3) such that 7(E) = S, where the equality 
follows from the fact that S is a complete geodesic segment (see Lemma 4.128). But 
then, by Lemma 4.128, 7(E) C BS, which contradicts to Y(t ) G CS. Thus, y(tx) 
is the only intersection point of dpr(B) and 7(^0, 00)). Since 7((to,ti)) ^ pr(£>)°, 
7' (to) is the next point of intersection of 7 and CS. Moreover, 7'(ii) points 
out of pr(i3), since otherwise 7((ii,oo)) would intersect <9pr(£>) which would lead 
to a contradiction as before. Proposition 4.129 states that there is a unique 
pair (Bi,g) G 1$,t x L such that 7'(ii) G gCS'(Bi). Then 7'(ii) points into 
gpr(Bi)°. Let S be the side of pr(B) with 7(^1) G S. By Proposition 4.137, either 
5cl(pr(i?i)) = cl(pr(£)) or .g cl(pr(#i)) n cl(pr(B)) = S. In the first case, j'fa) 
points into pr(B)°, which is a contradiction. Therefore 

5 cl(pr(B 1 ))ncl(pr(S)) = 5, 

which shows that (Bi,g) = n(B,S). This completes the proof of (ii). 

Let (B',h) = n(B,b(B)). Since yfo) G 6(B) and j'{t ) J GS'(B), Propo- 
sition 4.137 implies that 7 (t ) G hb(B') and 7 '(t ) £ hCS'(B'). Since 7(E) % 
hdpr(B'), the unit tangent vector 7'(io) points out of pi(B'). Because the inter- 
section of 7(K) and hb(B') is transversal and pr(i3') is a convex polyhedron with 
non-empty interior, 7((to — £,to)) H hpr(B)° ^ for each e > 0. As before we find 
that there was a previous point of intersection of 7 and CS if and only if 7((— 00, to)) 
intersects <9pr(£>') and that this is the case if and only if 7(— 00) ^ hd g pr(S'). 
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Suppose that 7(— oo) ^ /i<9 ff pr(B'). As before, there is a unique i_i € (—00, to) 
such that 7(t_i) £ hd g py{B'). Let 5 be the side of hpr{B') with 7(i_i) <G S. Nec- 
essarily, 7((<_i,io) C hpr(B')°, which shows that 7'(i_i) points into /ipr(£>')° and 
that y(t_i) is the previous point of intersection. Let (£> 2 , fc) £ MsjxT be the unique 
pair such that Y(i_i) G fcCS'(S 2 ) (see Proposition 4.129). By Proposition 4.137, 
we have either fccl(pr(B 2 )) = hcl(pv(B')) or fccl(pr(B 2 )) H 7icl(pr(jB')) = 5". In 
the latter case, 7'(i_i) points out of /ipr(S')° which is a contradiction. Hence 
/i- 1 jfecl(pr(B 2 ) = c\(pr(B')), which shows that (S 2 ,/i^ 1 fc) = p{B',hr 1 S). □ 

Corollary 4.140. Let 7 &e a geodesic on Y and suppose that 7 does no£ intersect 
CS infinitely often in future. If"/ intersects CS at o^ 7 t/ien there exists t £ K swc/i 
t/iat 7'(i) £ and 7((t, 00)) PI BS = 0. Analogously, suppose that rj is a geodesic 
on Y which does not intersect CS infinitely often in past. If rj intersects CS at all, 
then there exists t £ K such that ff(t) £ CS and rj((— 00, £)) (~1 BS = 0. 

PROOF. Since 7 does not intersect CS infinitely often in future, we find sel 
such that 7'((s, 00)) n CS = 0. Suppose that 7 intersects CS. Remark 4.132 shows 
that then j'((s, 00)) n CS = is equivalent to j((s, 00)) n BS = 0. Pick r £ (s, 00) 
and let 7 be any representative of 7 on H. Then 7(1*) ^ BS. Hence there is a pair 
(B,g) £ B x T such that 7(7-) £ gB°. Since gdB C BS by the definition of BS, 
we have 7((s,oo)) C gB° . Since 7 intersects CS, 7(K) intersects gdB transversely. 
Because gB is convex, this intersection is unique, say {"f(t)} = 7QR) PI gdB. Then 
7 ((i, 00)) C gB°. Hence i{t) £ CS. Thus 7'(t) £ CS and 7((t, 00)) n BS = 0. The 
proof of the claims on rj is analogous. □ 

Example 4.141. For the Hecke triangle group G 5 with A = {A}, § = {(A, U 5 )} 
(see Example 4.117) and T = id, Figure 19 shows the translates of CS' := CS'(B) 
which are necessary to determine the location of next and previous points of inter- 
section. 




Figure 19. The shaded parts arc translates of CS' (in unit tan- 
gent bundle) as indicated. 



Example 4.142. Recall the setting of Example 4.120. We consider the two shift 
maps Ti = id, and 

T 2 (Bi) := (I ~r) and T 2 (Bj) := id for j = 2, .... 6. 
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For simplicity set B-i := T 2 (B 1 )B 1 and CS'_! := T 2 (Si) CSi- Further we set 
1 0\ (2 -l\ /3 -2\ A -1 



= l 5 92:=^ _ 2 j, .93:=^ ff 4 :- 

4 -5\ (1 l\ f-l 



Figure 20 shows the translates of the sets CS^ which are necessary to determine 
the location of the next point of intersection if the shift map is Ti, and Figure 21 
those if T2 is the chosen shift map. 




Figure 20. The translates of CS' relevant for determination of 
the location next point of intersection for the shift map Ti . 




Figure 21. The translates of CS' relevant for determination of 
the location next point of intersection for the shift map T2. 



Recall the set bd from Section 4.5. 
Proposition 4.143. Let 7 be a geodesic on Y. 

(i) 7 intersects CS infinitely often in future if and only 2/7(00) ^ 7r(bd). 

(ii) 7 intersects CS infinitely often in past if and only ifj(— 00) ^ 7r(bd). 

PROOF. We will only show (i). The proof of (ii) is analogous. 

Suppose first that 7 does not intersect CS infinitely often in future. If 7 does 
not intersect CS at all, then Proposition 4.134 states that 7 € NC. Recall from 
Proposition 4.98 that NC = NC(B). Hence there is B £ B and a representative 
7 of 7 on H such that 7(±oo) £ bd(B). Thus 7 £ 7r(bd(S)) C Tr(bd). Suppose 
now that 7 intersects CS. Corollary 4.140 shows that there is t £ M such that 
j'{t) € CS and j((t, 00)) n BS = 0. Let 7 be the representative of 7 on H such 
that 7'(i) G CS'(B§,t)- Let B £ B SjT be the unique shifted cell in SH such that 
i{t) £ CS'(B). From j((t, 00)) n BS = it follows that 7 ((t, 00)) n BS = 0^ Since 
dpr(S) C BS by Lemma 4.128, 7((i,oo)) C pr(B)°. Hence 7(00) G d g py{B). Let 
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B' G B s such that T(/3')£' = B. Corollary 4.125 shows that B' := cl(pr (£?')) G B. 
Hence 

d g pr(B) = d g cl(pr(_f)) = T(B')d g B' = T{&) bd(B') C bd(B). 

Recall from Proposition 4.98 that bd = bd(B). Therefore 7(00) G bd and 7(00) G 
7r(bd). 

Suppose now that 7(00) G 7r(bd). We will show that 7 does not intersect CS 
infinitely often in future. Suppose first that 7(00) = 7r(oo). Choose a representative 
7 of 7 on H such that 7(00) = 00. Lemma 4.33 shows that 7(E) n K. ^ 0. Pick 
z G 7(E) n K., say ^(t) = z. By Corollary 4.69 we find a (not necessarily unique) 
pair (yl, m) G AxZ such that t™z G A. The geodesic 77 := i™7 is a representative of 
7 on H with 77(00)00 G d g A and 7y(t) G _l. Since A is convex, the geodesic segment 
77(^,00)) is contained in A and therefore in B(A) with 77(00) G _ 9 /3(.l). Because 
B(A) is convex, Lemma 4.133(iii) states that either r]([t, 00)) C B(A)° or 77 ( [t , 00)) C 
dB(A). Since dB{A) consists of complete geodesic segments, Lemma 4.133 implies 
that either 77(E) C B(A)° or 77(E) C dB(A) or 77(E) intersects <9/3(.4) in a unique 
point which is not an endpoint of some side. In the first two cases, ?7(— 00) G d g B(A) 
and therefore 7 = rj G NC(B(A)). Proposition 4.134 shows that 7 does not intersect 
CS. In the latter case, there is a unique side S of B{A) intersected by 77(E) and 
this intersection is transversal. Suppose that {r](s)} = S H 77(E) and let v := rj'(s). 
Since ?7((s,oo)) C B(A)°, the unit tangent vector v points into B(A)°. Note that 
v G CS. By Proposition 4.137, there exists a (unique) pair (B,g) G V>sj x T 
such that v G gCS'(/3). Moreover, 5 cl(pr(/§)) = B{A)^ Then a := g' 1 ^ is^a 
representative of 7 on H such that a'(s) = g~ 1 v G CS'(/3) and a(oo) G d g pi(B). 
Proposition 4.139(i) shows that there is no next point of intersection of a and CS. 
Hence 7 does not intersect CS infinitely often in future. 

Suppose now that 7(00) ^ 7r(oo). We find a representative 7 of 7 on H and 
a cell B G B in H such that 7(00) G d g B n E. Assume for contradiction that 7 
intersects CS infinitely often in future. Let (£ n )neN be an increasing sequence in E 
such that "i'(t n ) G CS for each 71 G N and lim^oo t n = 00. For n G N let S n be 
the connected component of BS such that j{t n ) G S n - Note that S n is a complete 
geodesic segment. We will show that there exists no G N such that both endpoints of 
S no are in E. Assume for contradiction that each S n is vertical, hence S 
with a n G E. Then either a\ < 0,2 < ■ ■ ■ or a\ > 02 > . . .. Theorem 4.66 shows 
that A is finite. Therefore B is so by Corollary 4.92. Recall that each S n is a 
vertical side of some r^-translatc of some clement in B. Hence there is r > such 

that \a n+ i — a n \ > r for each n G N. W.l.o.g. suppose that ai < a 2 < Then 

lim.n_s.oo o>n = °°- For each n G N, 7(00) is contained in the interval (a„, 00). Hence 
7(00) G Plnei^ ™' 00 ) = ^- This is a contradiction. Therefore we find k G N such 
that Sk = [a.k, bk] with afc, bk G E. W.l.o.g. afc < bk- Let (/3, g) G Bs,t X T such that 
j'(t k ) G ,gCS'(/3). Proposition 4.137 states that gb(B) = S k and 7(00) G (a fc ,6 fe ) + 
or 7(00) G (afc,6fe)_. In each case a k < 7(00) < b k . Lemma 4.133(iii) shows that 
the complete geodesic segment S '■= [7(00), 00] is contained in B. It divides H into 
the two open half-spaces 

H 1 := {z G H I Rez < 7(00)} and H 2 := {z G H \ Re z > 7(00)} 

such that iT is the disjoint union H\ USUH2- Neither a n nor b n is an endpoint of S 
but (a n ,6„) G dgHi x _ g i?2 or (a„,6„) G (? s i72 x d g H\. In each case, 5 ra intersects 
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S transversely. Then S n intersects B° . Since S n is the side of some T-translate of 
some cell in H, this is a contradiction to Corollary 4.96. This shows that 7 does not 
intersect CS infinitely often in future and hence 7 does not intersect CS infinitely 
often in future. This completes the proof of (i). □ 

Recall the set NIC from Remark 4.101. 

Theorem 4.144. Let /1 be a measure on the space of geodesies on Y. Then CS is 
a cross section w. r. t. /i for the geodesic flow on Y if and only i//i(NIC) = 0. 

Proof. Proposition 4.100 shows that CS satisfies (C2). Let 7 be a geodesic 
on Y. Then Proposition 4.143 implies that 7 intersects CS infinitely often in past 
and future if and only if 7 ^ NIC. This completes the proof. □ 

Let £ denote the set of unit tangent vectors to the geodesies in NIC and set 
CS st := CS\£. 

Corollary 4.145. Let fi be a measure on the space of geodesies on Y such that 
/^(NIC) = 0. Then CS s t is the maximal strong cross section w. r. t. fi contained in 
CS. 

4.7.2. Geometric coding sequences and geometric symbolic dynam- 
ics. A label of a unit tangent vector in CS or CS is a symbol which is assigned 
to this vector. The labeling of CS resp. CS is the assigment of the labels to its 
elements. The set of labels is commonly called the alphabet of the arising symbolic 
dynamics. 

We establish a labeling of CS and CS in the following way: Let v £ CS'(B§,t) 
and suppose that B £ B§ ; t is the unique shifted cell in SH such that v £ CS'(£>). 
Let 7 be the geodesic on H determined by v. 

Suppose first that 7(00) ^ <9 g pr(£>). Proposition 4.139(h) states that there 
is a unique side S of pr(Z?) intersected by 7((0, 00)) and that the next point of 
intersection of 7 and CS is on gCS'{B\) if (Bi,g) = n(B,S). We assign to v the 
label (Br ,<?). 

Suppose now that 7(00) £ d g pi(B). Proposition 4.139(i) shows that there is 
no next point of intersection of 7 and CS. Let e be an abstract symbol which is 
not contained in T. Then we label v by e ("end" or "empty word"). 

Let v £ CS. By Proposition 4.129 there is a unique v £ CS'(Bs.t) such that 
ir(v) = v. We endow v and each element in 7r _1 ( ; u) with the labels of v. 

The following proposition is the key result for the determination of the set of 
labels. 

Proposition 4.146. Let B £ B§.t a nd suppose that Sj, j = 1, . . . , k, are the sides 
ofpr(B). For j = 1, . . . , k set (Bj,gj) '■= n(B, Sj). Let v £ CS'(B) and suppose that 
7 is the geodesic determined by v. Then 7(00) £ gjL(Bj) if and only if 7((0, 00)) 
intersects Sj. Moreover, if Sj ^ b(B), then gjl(Bj) C L(B). If Sj = b(B), then 
g 3 I(Bj) = J{B). 

Proof. Suppose that 7((0, 00)) intersects Sj for some j £ {1, . . . , k}, say in 
7(io). Assume for contradiction that 7(00) £ d g pr(B). Since cl(pr(£>)) is a convex 
polyhedron (see Lemma 4.128) and 7(0) £ cl(pr(i3)), Lemma 4.133(iii) shows that 
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7((0,oo)) C pr(B)° or t([0,oo)) C 9pr(B). From 7(^0) G <9pr(£) it follows that 
7([0, 00)) C dpr(B). On the other hand 7'(0) G CS'(S), hence there is e > such 
that 7((0, e)) C pr(Z?)°. This is a contradiction. Therefore 7(00) 7^ d g pi(B). Then 
Proposition 4.139(h) shows that Sj is the only side of pr(0) intersected by 7((0, 00)) 
and that 7' (to) G ffjCS'(Sj). Let 77 be the geodesic determined by 7' (to)- Note 
that (7(00), 7(— 00)) = (77(00), ry(— 00)). By Lemma 4.136, we have that 7(00) = 
77(00) G g 3 I(B 3 ). 

Conversely suppose that 7(00) G gjl(Bj). The complete geodesic segment Sj 
divides H into two open convex half-spaces Hi,H 2 such that H is the disjoint 
union H 1 U S U H 2 . Then cl(pr(E,-)) C H k for some fc G {1,2}. W.l.o.g. k = 
1. Proposition 4.137 shows that cl(pr(B)) C H 2 . From 7(0) G H 2 and 7(00) G 
9jI{Bj) = int g (d g Hi) it follows that 7((0, 00)) n Sj ^ 0. 

Finally suppose that Sj 7^ b(B). Let x G gjl(Bj) and choose y G gjJ(Bj). 
Lemma 4.136 shows that there is w G gjC3'(Bj) such that the geodesic a on 
H determined by w satisfies a(oo) = x. We will show that a(oo) G /(£?). By 
definition, pr(ui) G Sj. Proposition 4.137 implies that w points out of cl(pr(S)). 
Hence there is e > such that a((0,e)) C Ccl(pr(£>)). At first we will show that 
a((0, 00)) C Ccl(pr(£>)). Assume for contradiction that we find r G [e, 00) such that 
a(r) G cl(pr(B)). Let Hi and H 2 be the open convex half-spaces of H such that 
H is the disjoint union H 1 U S U H" 2 and suppose w.l.o.g. that #j cl(pr(Bj)) C ffi. 
Then cl(pr(B)) C If 2 . Note that there is S G (0,e) such that a((0,<5]) C ffj pr^) . 
Then a(r) G i?2 and a(6) G -Hi. Hence 

a([£, r]) n 9J?i = a([tf, r]) n S, 7^ 0. 

Then the complete geodesic segments a(K) and have two points in common, 
which means that they are equal. This contradicts to a(S) G Hi. 

Now let Ki , K 2 be the open convex half-spaces of H such that H is the disjoint 
union Ki U b(B) U -£T 2 and suppose that pr(2?) C Ki. Proposition 4.137 implies 
that mt g {d g Ki) = 1(B). Assume for contradiction that a(oo) ^ mt g (d g Ki). Then 
a(oo) G d g K 2 . If a(oo) is an endpoint of b(B), then a(oo) G d g pr(B). Since 
cl(pr(S)) is a convex polyhedron, d g pi(B) = d g c\(pr(B)) and a(0) G cl(pr(fi)), 
Lemma 4. 133(iii) shows that a((0, 00)) C cl(pr(S)). This is a contradiction. There- 
fore a(oo) G mt g (d g K 2 ). Then a(0,oo) n b(B) ^ 0, say a(t 2 ) G 6(B). Since pr(B) 
is a convex polyhedron with non-empty interior, for each z G b(B) there exists 
e > such that B £ (z) n Ki = B e (z) n pr(S). Consider z = a(t 2 ). Then there 
exists s G (0,oo) such that a(s) G pr(6), which again is a contradiction. Thus 
a(oo) €mt g (d g Ki) = I(B). 

Finally suppose that Sj = 6(B). Since p(B,b(B)) =J£,id), Proposition 4.137 
implies that 1(B) x g 3 I(Bj) = 1(B) x J(B). Hence &■/(#,•) = J(B). □ 

For £? G Bs,t let Sidcs(£>) denote the set of sides of pr(S). 
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Corollary 4.147. Let B G B§, T . For each S G Sides(B) set (B s ,gs) ■= n{B,S). 
Then 1(B) is the disjoint union 

1(B) = (l(B) n d g pr(B)) U |J gsHBs). 

SGSides(8)N.6(8) 

Proof. Let K(B) denote the set on the right hand side of the claimed equality. 
Proposition 4.146 shows that K(B) C 1(B). For the converse inclusion let x G 1(B). 
Pick any y G J(B). By Lemma 4.136 there is a unique element w G GS (B) such that 
(7^(00), 7„(— 00)) = (x,y). Proposition 4.139 shows that either 7^(00) G d g pr(B) 
or there is a unique side S G Sides(B) such that 7„((0, 00)) intersects gs CS' (Bs)- In 
the latter case, Lemma 4.136 shows that 7„(oo) G gsI(Bs). Since 1(B) n J(B) = 0, 
Proposition 4.146 implies that S 7^ 6(B). Therefore /(B) C A"(B). The dichotomy 
between "2 = 7„(oo) G d g pr(B)" and "7t,((0, 00)) intersects a side 5 of pr(B)" 
and the uniqueness of S shows that the union on the right hand side is indeed 
disjoint. □ 

Let E be the set of labels. 
Corollary 4.148. The set E of labels is given by 
S = {e}U 

U {(B,g) G B S , T x T 3B'gBs, t 3S 1 G Sidcs(B')\6(B'): (B, .g) = n(B', S) } . 

Moreover, S is finite. 

Proof. Note that for each B' G 1 S , T we have d g pr(B') n 7(B') 7^ 0. Thus, 
e is a label. Then the claimed equality follows immediately from Corollary 4.147. 
Since Bs,t is finite and each shifted cell in SH has only finitely many sides, S is 
finite. □ 

Example 4.149. For the Hecke triangle group G n let A = {A}, S = {(A,U n )} 
and T = id. Then B SiT = {Bi(A, U n )}. Set B := Bi(^, J7„). Then the set of labels 
is (cf. Example 4.141) 



£ = {e,(B,C/„ fc S)| fcG{l,...,n-l}} 



Example 4.150. Recall Example 4.142. If the shift map is Ti, then the set of 
labels is 

E = {e, (B 2 ,gi) , (B 4 , id ) , (B 5 , g 2 ) , (B 6 , id ) , (B 3 , 33) , (B 5 , id ) , (B 6 , ff4 ) , (B 3 , id) , 

(Bi,g 5 ), (B 2 ,5e), (B 4 ,.g 4 )}- 

With the shift map T2 , the set of labels is 

E = {e, (B 4 , ffr) , (B_ 1; ff7 ) , (B 2 , 5l ) , (B 4 , id ) , (B 5 , <? 2 ) , (B 6j id) , (B 3 ,g 3 ) , 

(B 5 , id ) , (B 6 , 54) , (B 3) id ) , (B_ , , 9i ) , (B 2 , g 6 ) } . 

Definition and Remark 4.151. Let w G CS'(Bs t) an d suppose that 7 is the 
geodesic on H determined by v. Proposition 4.139 implies that there is a unique 
sequence (t n ) ne j in K which satisfies the following properties: 
(i) J = Z n (a, 6) for some interval (a, b) with a, b G Z U {±00} and G (a, 6), 
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(ii) the sequence (t n )ne7 is increasing, 

(iii) t Q = 0, 

(iv) for each n £ J we have j'(t n ) £ CS and 

7 '((f«,f„+i))nCS = and 7 '((t„_i, *„)) n CS = 
where we set tb '■= oo if b < oo and t a := — oo if a > — oo. 

The sequence (t n ) ne j is said to be the sequence of intersection times of v (with 
respect to CS ). 

Let v £ CS and set v := fi"lcs'(B s T )) C^) - Then the sequence of intersection 
times (w. r. t. CS) of v and of each w £ ix~ l (v) is defined to be the sequence of 
intersection times of v. 

Now we define the geometric coding sequences. 
Definition 4.152. For each s £ £ we set 

CS S := {v £ CS | v is labeled with s} 

and 

CS S := 7r _1 (CS s ) = {ueCS | u is labeled with a}. 

Let u G CS and let (t n ) n ej be the sequence of intersection times of v. Suppose that 
7 is the geodesic on Y determined by v. The geometric coding sequence of v is the 
sequence (a n )„ 6 j in E defined by 

a n '■= s if and only if "f 1 {t n ) £ CS S 

for each n £ J. 

Let v £ CS. The geometric coding sequence of v is defined to be the geometric 
coding sequence of ir(v). 

Proposition 4.153. Let v £ CS'. Suppose that {t n ) n eJ * s the sequence of intersec- 
tion times of v and that (a„)„ e j is the geometric coding sequence of v. Let 7 be the 
geodesic on H determined by v. Suppose that J = Z n (a, b) with a, b £ Z U {±00}. 

(i) If b = 00, then a n £ £\{e} for each n £ J. 

(ii) If b < 00, then a n £ £\{e} for each n£ (a,b — 2] HZ and at,-i = e. 

(iii) Suppose that a n = (B n , h n ) for n £ (a, b — 1) f~l Z and set 

9o '■= h ifb> 2, 

9n+\ ■= g n h n +i for n £ [0, b - 2) n Z, 

.9-1 := id : 

9-(n+i) ■= 9-nh~i for n £ [1, -(a + 1)) n Z. 

T/ien 7 / (t„+i) £ g n CS (B n ) for each n £ (a, b — 1) fl Z. 

Proof. We start with some preliminary considerations which will prove (i) and 
(ii) and simplify the argumentation for (iii). Let n £ J and consider w := 7 '(t n )- 
The definition of geometric coding sequences shows that 7'(t n ) G CS a „- Since CS is 
the disjoint union U fcgr k CS'(B§,t) (see Proposition 4.129), there is a unique k £ Y 

such that k~ 1 w £ CS'(Bs.t). The label of k^ 1 w is a n . Let rj be the geodesic on H 
determined by k~ 1 w. Note that 77(f) := k~ lr y(t + t n ) for each f G R. The definition 
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of labels shows that a n = e if and only if there is no next point of intersection of 
77 and CS. In this case j'((t n , 00)) H CS = and hence b = n + 1. This shows (i) 
and (ii). Suppose now that a n = (B,g). Then there is a next point of intersection 
of 77 and CS, say rf{s), and this is on g CS'(B). Then fc-y (s + t n ) G g GS'{B) and 
fc-V((*n,s + t„))nCS = 0. Hence i„+i = s + t n and 7 '(t, l+1 ) G fcc/CS'(B). 

Now we show (hi). Suppose that b > 2. Then v = 7' (to) is labeled with 
(So, fto)- Hence for the next point of intersection j'(ti) of 7 and CS we have 

7^1) G ftoCS'(Bo) =5oCS'(B ). 
Suppose that we have already shown that 

7'(Wi) € <?„ CS'(B n ) 

for some n G [0, 6- l)nZ and that 6 > n + 3. By (i) resp. (ii), y((i n+1 , oo))nCS 7^ 
and hence 7'(t n +i) is labeled with (B n +i,h n+ i). Our preliminary considerations 
show that 

CS'(B n+ i) = .g„+i CS'(B„ + i). 

Therefore 7'(* n +i) G .9>i CS'(B„) for each 71 G [0, 6 - 1) H Z. 

Suppose that a < —2. The clement 7'(i_i) is labeled with Since 
7'(t_i) G fcCS'(B§f) for some k G T, our preliminary considerations show that 
7 ; (*o) G CS'(S_i). Because y(i ) =«6 CS'(B S , T ), Proposition 4.129 implies 
that k = hz\ and 

7' (to) G CS'(B_i) = .g-i CS'{B-x) and y^) G CS'(B S ,t) = .9-2 CS'(B SjT ). 
Suppose that we have already shown that 

7' (*-(„-!)) G <?_„ CS'(B_ n ) and y(t_ n ) G <?_ (n+1) CS'(Bs,t) 

for some n G [1, —a) n Z and suppose that a < — n — 2. Then y (t_ n _i) exists and 
is labeled with (B_ n _i, h- n -i). Since 7'(f_ n _i) G ftCS'fBs/ir) for some h G T, we 
know that y(rj_„) G CS'(B_„_i). Therefore 

7'(t-„) G fcfc_ (B+1) CS'(B- ( „+i)) n s _ (n+1) CS'(B S , T ). 

Proposition 4.129 implies that hh_ {n+1) = .g_ (n+1) , l'{t-n) G ff_( n +i) CS'(S_(„ +1 )) 
and 

7'(M«+1)) G ^-(n+lJ^-tn+l) CS'(Bs. T ) = .9-(„+2) CS'(Bs,t) ■ 

Therefore 7 / (i„_|_i) G g n CS'(B n ) for each n 6 (a, — 1] HZ. This completes the 
proof. □ 

Let A denote the set of geometric coding sequences and let A CT be the subset of 
A which contains the geometric coding sequences {a, n )n£(a.b)nz with a, & £ ZU{±oo} 
for which b > 2. Let E al1 denote the set of all finite and one- or two-sided infinite 
sequences in S. The left shift a: S al1 -> £ al \ 

cr((a„)„ e j) fe := a k+ i for all k G J 

induces a partially defined map a: A — > A resp. a map a: A CT — > A. Suppose that 
Seq: CS — > A is the map which assigns to v G CS the geometric coding sequence of 
v. Recall the first return map R from Section 3. 
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Proposition 4.154. The diagram 

cs— ^CS 

Seq Seq 



commutes. In particular, for v G CS, the element R(v) is defined if and only if 
Seq(w) G A CT . 

Proof. This follows immediately from the definition of geometric coding se- 
quences, Propositions 4.139 and 4.153. □ 

Set CS st := Tr-^CSst) and CS^ t (l s , T ) := CS st n CS'(B S , T ) and let A st denote 
the set of two-sided infinite geometric coding sequences. 

Remark 4.155. The set of geometric coding sequences of elements in CS s t (or 
only CSs t (ls, T )) is A st . Moreover, A st C A CT . 

In the following we will show that (A st ,a) is a symbolic dynamics for the 
geodesic flow on <f>. 

Lemma 4.156. Suppose that d g H\bd, x < y. Then there exists a connected 

component S = [a, b] of BS with a,b G K, a < b, such that x < a < y < b. 

Proof. Consider the point z := y + i^-^- By Corollary 4.96 we find a pair 
(B, g) in B x T such that z G gB. Recall that each side of gB is a complete geodesic 
segment. We claim that there is a non- vertical side S of gB which intersects (y, z}. 
Assume for contradiction that no side of gB intersects the geodesic segment (y, z}. 
Then B arises from a strip precell in H and the two sides of gB are vertical. Then 
gB = pr^ c 1 ([c, d}) H H for some c, d G R, c < d. From z G gB it follows that 
y = pr oc (z) G d g gB = [c, d]. This is a contradiction to y ^ bd. Hence we find a side 
S of gB such that SO (y, z] ^ 0. Assume for contradiction that S is vertical. Then 
S = (y,oo) and y G d g gB, which again is a contradiction. Thus, S is non-vertical. 
Suppose that S is the complete geodesic segment [a, b] with a, b G R, a < b. Since 
S is a (Euclidean) half-circle centered at some rd and 5" intersects (y, y + i^^A, 
we know that x < a < y < b. □ 

For the proof of the following proposition recall that each connected component 
of BS is a complete geodesic segment and that it is of the form pr(g CS'(i3)) for some 
pair (B, g) G V>sj x T. Conversely, for each pair (B,g) G Bs,t, the set pr(g CS' \B)) 
is a connected component of BS. 

Proposition 4.157. Letv,w G CS'^Bs.t)- If the geometric coding sequences of v 
and w are equal, then v = w. 

PROOF. Let ((Bj,hj)) ^ eZ be the geometric coding sequence of v and assume 
that (iB'j, fcj)) :(eZ is that of w. Suppose that u/w. Suppose first that 

(7„(oo), 7„(-oo)) = (7^(00), 7^(-oo)). 

Proposition 4.153 shows that v G CS'(iLi) and w G CS' (§'_!)■ Lemma 4.136 
implies that B—\ 7^ B'_ 1 , which shows that the geometric coding sequences of v and 
w are different. 
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Suppose now that 

(Tu(oo), 7„ (-00)) ^ (7 tt ,(oo),7 tu (-oo)). 

Assume for contradiction that [(Bj, hj)) . gZ = ((Sj, fc J )) j . gZ . Let (i n )nez be the 
sequence of intersection times of i? and (sri)nez be that of w. Prop 4.153(iii) implies 
that for each n £ Z. the elements pr(7^,(t„)) and pr(7^(sn)) ar c on the same 
connected component of BS. For each connected component S of BS let -Hi,s, i?2,s 
denote the open convex half spaces such that H is the disjoint union 

H = Hi, 8 \JS\JH 2 , s . 
Suppose first that 7„(oo) 7^ 7^(00). Proposition 4.143 shows that 

7„ (00), 7t„(oo) f bd. 

By Lemma 4.156 we find a connected component S of BS such that 7^(00) G 
d g Hi t s\dgS and 7^(00) € d g H2,s^d g S (or vice versa). Since BS is a manifold, 
each connected component of BS other than S is either contained in £1,5 or in 
H2,s- In particular, we may assume that pr(w),pr(w) G i?i,s- Then 

7«([0,oo))Cff liS and j w ((t, 00)) C H 2 ,s 

for some t > 0. Hence there is n £ N such that pr(7^(s n )) G #2,s, which implies 
that pr(7^(t n )) and pr(7^ u (s 71 )) are not on the same connected component of BS. 

Suppose now that J v (— 00) 7^ 7«j(— 00) and let S be a connected component of 
BS auch that 7„(— 00) £ d g Hi_ s \d g S and 7 W (— 00) £ d g H2,s^d g S (or vice versa). 
Again, we may assume that pr(u), pr(iu) G -ffi.s- Then 

7„((-oo,0]) C H 1>s and 7 tu (— 00, s)) C # 2 ,s 

for some s < 0. Thus we find n £ N such that pr(7^(s_„)) G i?2,s- Hence 
pr(7^(t_ n )) and pr(7^(s_ n )) are not on the same connected component of BS. In 
both cases we find a contradiction. Therefore the geometric coding sequences are 
not equal. □ 

Corollary 4.158. The map Seq|gg : CS s t — > A st is bijective. 

Remark 4.159. If there is more than one shifted cell in SH or if there is a strip 
precell in H, then the map Seq: CS\CS s t — > A\A st is not injective. This is due to 
the decision to label each v £ CS'(B), for each B £ Msj, with the same label e if 
7„(co) G 9 g pr(£i) without distinguishing between different points in d g pr(2?) and 
without distinguishing between different shifted cells in SH . 

Let Cod := (Seq : A st -> CS st . 

Corollary 4.160. The diagram 

- r - 
CS s t *" CS s t 

Cod Cod 

Ast — As t 

commutes and (A s j, a) is a symbolic dynamics for the geodesic flow on Y . 

We end this section with the explanation of the acronyms NC and NIC (cf. 
Remark 4.101). 
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Remark 4.161. Let v be a unit tangent vector in SH based on BS and let 7 be 
the geodesic determined by v. Then v has no geometric coding sequence if and only 
if v ^ CS. By Proposition 4.134 this is the case if and only if 7 G NC. This is the 
reason why NC stands for "not coded" . 

Suppose now that v £ CS. Then the geometric coding sequence is not two-sided 
infinite if and only if 7 does not intersect CS infinitely often in past and future, 
which by Proposition 4.143 is equivalent to 7 £ NIC. This explains why NIC is for 
"not infinitely often coded" . 



4.8. Reduction and arithmetic symbolic dynamics 

Let r be a geometrically finite subgroup of PSL(2, R) of which 00 is a cuspidal 
point and which satisfies (A2). Suppose that the set of relevant isometric spheres 
is non-empty. Fix a basal family A of prccclls in H and let B be the family of cells 
in H assigned to A. Let S be a set of choices associated to A and suppose that B§ 
is the family of cells in SH associated to A and S. Let T be a shift map for B§ and 
let Bg.T denote the family of cells in SH associated to A, S and T. 

Recall the geometric symbolic dynamics for the geodesic flow on Y which we 
constructed in Section 4.7 with respect to A, § and T. In particular, recall the set 
CS'(Bs.t) of representatives for the cross section CS = CS(B§,t), its subsets CS'(B) 
for B £ Bg.T, and the definition of the labeling of CS. 

Let v £ CS'(B) for some B £ B§,t and consider the geodesic 7^ on H determined 
by v. Suppose that (a„)„ e j is the geometric coding sequence of v. The combination 
of Propositions 4.146 and 4.139 allows to determine the label ao of v from the 
location of 7^(00), and then to iteratively reconstruct the complete future part 
(in)ne[o,oo)nj °f the geometric coding sequence of v. Hence, if the unit tangent 
vector v £ CS'(Bs.t) is known, or more precisely, if the shifted cell B in SH with 
v £ CS'(S) is known, then one can reconstruct at least the future part of the 
geometric coding sequence of v. However, if 7^ intersects CS'(Bg j) in more than 
one point, then one cannot derive the shifted cell B in SH from the endpoints of 
7„ and therefore one cannot construct a symbolic dynamics or discrete dynamical 
system on the boundary d g H of H which is conjugate to (CS,i?) or (CS st ,i?). 
Recall from Section 3 that R denotes the first return map. 

To overcome this problem, we restrict, in Section 4.8.1, our cross section CS 
to a subset CS re( j(Bs jT ) (resp. to CS stilo d(Bs,T) for the strong cross section CS st ). 
We will show that CS re d(Bs,T) and CSst.redlBs^) are cross sections for the geodesic 
flow on Y w. r.t. to the same measure as CS and CS st . More precisely, it will 
turn out that exactly those geodesies on Y which intersect CS at all also intersect 
CSrcd(Bs,T) at all, and that exactly those which intersect CS infinitely often in 
future and past also intersect CS ro d(Bs,T) infinitely often in future and past. More- 
over, CSst, rod (B§,t) is the maximal strong cross section contained in CS ro d(Bs j T). In 
contrast to CS and CS s t, the sets CS re d(Bs,T) and CS s t,rod(Bs i T) do depend on the 
choice of the family Bg,T. Moreover, we will find discrete dynamical systems (DS, F) 
and (DS st ,F st ) with DS st CDSCRxM which are conjugate to (CS re d(B$,i), R) 
resp. (CS st , r cd(B s , T ),i?). 
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In Section 4.8.2 we will introduce a natural labeling of CS re d(B§,T) and define for 

each v £ CS re d(Bs,T) an d each v £ CS re d(Bs,T) a so-called reduced coding sequence. 
The labeling is not only given by a geometric definition analogous to that for the 
geometric symbolic dynamics. It is also induced, in the way explained in Chapter 3, 
by a certain decomposition of the set DS resp. DS st . Therefore, contrary to the 
geometric coding sequence, the reduced coding sequence of v can completely be 
reconstructed from the location of the endpoints of the geodesic j v . The labeling 
of CS ro d(B§,T) clearly restricts to a labeling of CS s t,rod(Bs,T)- In Section 4.8.3 we 
will provide a (constructive) proof that in certain situations there is a generating 
function for the future part of the symbolic dynamics arising from the labeling of 

CS s t,red(Bs,T)- 

All construction in this process are of geometrical nature and effectively pcr- 
formable in a finite number of steps. Moreover, the set of labels is finite. 

4.8.1. Reduced cross section. The set {I{B) \ B £ Bs,t} decomposes into 
two sequences 

Zi(B s .t) := 2 j(Bi, 2 ) 3 ... 3 l(Bi M )} 

where I(B± j) = (a,j, oo) and a\ < a 2 < . . . < , and 

X 2 (B S , T ) := {/(B 2 ,i) 2 I(fla l2 ) 2 ... 2 /(fla,*,)} 

where /(2?2j) = (— oo, bj) and b\ > hi > . . . > bk 2 - 
Set J(Bi jfcl +i) := and 

Acd(Sij) := l(B hj ) \I(B 1J+1 ) for j = 1, . . . , fci, 
and set I(B2,k 2 +i) '■= $ and 

Ired(B 2 j) ■= l(B 2d ) s/(B 3l3 -+i) for j = 1, . . . , k 2 . 
For each B £ Mgj set 

CS rcd (tf) := [v £ CS'(B) I (7«(oo),7i,(-cx>)) £ I„d(fj) X J(B) } 

and 

cs;. cd (i s , T ) : = y cs: cd (s). 

BsB SiT 

Define 

CS rcd (B s , T ) :=^(CS:. od (B s , T )) and CS rcd (I§, T ) := 7r- 1 (C^(Is, T )). 
Further set 

CS' stA . cd (B) := CS rod (#) n CS st for each B £ B S , T , 
CSs tirod (B S;T ) := CSj. ed (B Si T) n CS st = [J CSg tred (0), 

CS st , red (Bs,t) : = CS re d (B§,t) H CS s t, 

and CSst, red (Bs,t) : = CS ro d(Bs,T) H CS s t- 
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Remark 4.162. Let B G B S , T . Note that the sets J rcd (S) and CS' red (B) not only 
depend on B but also on the choice of the complete family Bs,t. The set CS rcd ($) 
is identical to 

{v G CS'(B) | 7,((0,oo)) nCS'(Bs, T ) = 0}- 

In other words, if we say that v G CS (JS) has an inner intersection if and only if 
7„((0,oo)) n CS'(B SjT ) ^ 0, then CS rcd (£!) is the subset of CS'(S) of all elements 
without inner intersection. 

Remark 4.163. By Proposition 4.129, the union 

CS'(Bs, T ) = |J{CS'(B) | fie%} 

is disjoint and CS'(Bs,t) is a set of representatives for CS. Since CS rod (£>) is a 
subset of CS'(B) for each B G B S . T and CS rcd (B SiT ) = 7r(CS; od (B s , T )), the set 
CS'(Bgj) is a set of representatives for CS re d(Bs,T) and CS^. ed (Bs j T) is the disjoint 
union U g er 9 CS rod (Bs.T). Further, one easily sees that 

7T 1 (CS s t,rod(Bs,T)) = CS st ,rcd (Bs,t) 

and 

7r (CSg t)red (B§ ! T)) = CS st ,rod(Bs : T)- 

Moreover, CSg trGd (Bs,T) is a set of representatives for CS st , r od(Bs,T)- 

Example 4.164. Recall Example 4.142. Suppose first that the shift map is Ti. 
Then 

/(Si) = (-oo,l), /(B 2 )=(0,oo), /(B 4 ) = (ioo), I (B 6 ) = (§,oo), 
J(Bb) = (|,oo) > J(B 3 ) = (f,oo). 
Therefore we have 

/red (Bi) = (-oo, 1), I rcd {B 2 ) = (0, i], / rod (6 4 ) = (i, §], 

/ r ed(B 6 ) = (§,§], /red(B 5 ) = (|,f], /«d(B 3 ) = (|,Oo). 

If the shift map is T2, then we find 

/red(B-l) = (-C50, 0), 7 red (B 2 ) = (0, ±] , Jred(B 4 ) = Q, §] , 

/red(B 6 ) = (§,§], / r ed(B 5 ) = (§,!]= M^) = (f,Oo). 

Note that with T 2 , the sets -Zred(') are pairwise disjoint, whereas with Ti they are 
not. 

Lemma 4.165. Let 

{x,y)€ [J I red {B)xj{B). 

8GB s ,t 

TTien there is a unique v € CS' re(i (Bs j T) such that (x,y) = 0y v (oo), 7„(— oo)J . Con- 
uersely, if v <E CS' red (Bs : T); then 

(71,(00), 7„(-C0)) G y Ired{B) X J(B). 
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Proof. The combination of the definition of CS^ cd (Bs ! T) and Lemma 4.136 
shows that there is at least one v £ CSj. od (Bs.T) such that (7^(00), 7«(— 00)) = (x, y) 
and that for each B £ Bg^ there there is at most one such v. By construction, 

(/ red (B a ) X j(B a j) n (lred(B 6 ) X j{B b )) = 

for B a ,Bb £ Bs,t, S a ^ Bj. Hence there is a unique such v £ CS^. ed (Bs,Tr)- The 
remaining assertion is clear from the definition of the sets CS^. cd (£>) for B £ B§,t- □ 

Let ?i(B§ : t) be the number of connected components of BS of the form (a, oo) 
(geodesic segment) with a± < a < a^ x and let ^(Bs^t) be the number of connected 
components of BS of the form (a, oo) with bk 2 < a, < b±. Define 

Z(B s ,t) := max {h (B S , T ) , l 2 (B S , T ) } . 

Proposition 4.166. Let v £ CS'(1s,t) and suppose that 77 is the geodesic on H 
determined by v. Let (sj)jg( aji a)nz be the geometric coding sequence of v. Suppose 
that Sj = (Bj,hj) for j = Q,...,P -2. For 3 = Q,...,P -2 set 

g_i := id and gj-=gj-ihj. 

If a = — 1, then let B-\ be the shifted cell in SH such that v £ CS (B-\). Then 

s := min {t > | ?/(i) £ CS red (I s ,t) } 

exists and 

K 

V'(s )£ |J giCS' red (Bi) 
i=-i 

where k := min{/(B§,T) — lj/3 — 2}. More precisely, ?y'(so) G 9iGS' red (Bi) for 
I £ {-1,...,k} if and only if 77(00) £^giI re d(Bi) and 77(00) £ gkJred{B k ) for 
k = -1, ...,/- 1. Moreover, if v £ CS' st (B§ >T ), i/ien 77' (s ) € CS s t ;r . ed (Bs ;T ). 

Proof. Let (in)ne(a„8)nz be the sequence of intersection times of v (with re- 
spect to CS). Proposition 4. 153 (iii) resp. the choice of B-\ shows that 77' (t n ) £ 
g n -i CS'(/3„_i) for each n £ [0,P) fl Z. Since CS rcd (B§ j T) C CS, the minimum s 
exists if and only if r]'(t m ) £ g m -i CSj cd (/3,„_i) for some m £ [0,P) n Z. In this 
case, so = t n and 77' (so) £ g n -\ CSj. od (S n -i) where 

n := min {m £ [0, p) n Z | 77' (t m ) e CS;. od (/3 m _i) } . 

Suppose that so — t n . Note that for each m £ [0,P) fl Z we have that n(—oo) is in 
J(B m -i). Then the definition of CS^. cd (-) shows that 

n = min{m G [0,/3)nZ | 77(00) 6 m _iI red (E m _i) }. 

Hence it remains to show that the element So exists and that so = t n for some 
»e{0,...,k+1}. 

W.l.o.g. suppose that I(B-i) £ li(M$j). Then I(B-i) = (a, 00) for some 
a£l. Let ci < C2 < . . . < Cfc be the increasing sequence in K such that c\= a and 
Cfc = <2fci and such that the set 

{(cj',00) \j = 1, ...,k} 
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of geodesic segments is the set of connected components of BS of the form (c, oo) 
with a < c < a kl ■ Then k < l(B$j). Let {(cj i , oo) | i = 1, . . . , m} be its subfamily 
(indexed by {1, . . . , m}) of geodesic segments such that for each i G {1, . . . , m} we 
have (cj i7 oo) = b(B' i ) for some B[ G M§j such that b(B' i ) G Li(Bs,t) and 

c h < c 32 < ... < c Jm . 

The definition of / re d(-) shows that I(B-\) is the disjoint union U£L X ^red(B-)- More- 
over, J(B[) 2 J(B-i) for i = 1, . . . , m. From Lemma 4.136 we know that 

(77(00), 7?(— 00)) g I(B-i) x J(B_i). 

Hence there is a unique i G {1,.. ., m} such that 

In turn, 77 intersects CSj. od (/3-). Now, if 77 does not intersect CSj. cd (i?i) = CS£ ed (B_i), 
then ?7([0, 00)) intersects (02,00) and we have gob(Bo) = (02,00). If 77 does not in- 
tersect go CSj. cd (£>o)- then ?/([0, 00)) intersects (c 3 ,oo) and hence gib(Bi) = (c 3 ,oo) 
and so on. This shows that 

CS'(#1) = CS'(%„ 2 ) = g k . 2 CS'(%_ 2 ) 

and hence 77' (t^-i) € 3^-2 CSj. cd (6 Ji _ 2 )7 where j'j — 1 < k < Z(B SjT ). If j3 < 00, 
then Ji — 1 < /? — 1. Thus, so exists and t/(so) G UJL-i 3' CSj. ed (2?;). Finally, if 
7j G CS^(l SlT ), then r/(s ) G CS st and hence 7?'(s ) G CS s t, rc d(Bs, T )- □ 

Recall the shift map a: A — > A from Section 4.7.2. 

Proposition 4.167. Lei w G CS' re(i (Bs ! T) suppose that r\ is the geodesic on H 
determined by v. Let (sj)^ £ ^ a p\ nz fre the geometric coding sequence of v. Suppose 

that Sj = (Bj, hj) for j = 0, . . . , /3 — 2. 

(i) Set go '■= ho and for j = 0, . . . , (3 — 3 define gj+i '■= gjhj+\ . If there is a next 
point of intersection of 77 and QS re d(M§j), then this is on 

K 

U<?;CS' re(2 (£ ; ) 
z=o 

where k := min{Z(S, T), /3 — 2}. In this case it is on gi CS' red (Bi) if and only if 
77(00) G giI red ,(Bi) and 77(00) ^ gkIred{B k ) for k = 0,^ . . , I - 1. // /? > 2, tfien 
i/iere is a next point of intersection of 77 anrf CS re d(Bs,T)- 

(ii) Suppose that v G CS' st red (B§ : T). Lei (t„)„gz &e rj/ie sequence of intersection 
times of v (w. r. t. CS). Then there was a previous point of intersection of 77 
and CS re d(Bs.T) and this is contained in 

W(t-n) I n= 1,...,Z(B s ,t) + !}• 

Proof. We will first prove (i). Suppose that f3 > 2. Then there is a next 
point of intersection of 77 and CS. Let to be the first return time of v w. r.t. CS. 
Then 77' (to) G goCS'(/3o)- Set w := 5q 1? ?'(^o)- The geometric coding sequence 
of w is given by c((sj)je(a,/3)nz) . Let 7 be the geodesic on H determined by 
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w. Proposition 4.166 shows that there is a next point of intersection of 7 and 
CS r ed(fis,ir), say Y(s ), and that 

K 

Note that the condition that k < (3 — 2 is caused by the length of the geometric 
coding sequence, not by any properties of CS rc d(Bs,T)- Then t/( s o) = <?o7'(so) is 
the next point of intersection of n and CS r cd(Bs,T)- The remaining part of (i) is 
shown by Proposition 4.166. 

To prove (ii) consider rj (t_, l ^s +1 ^)- There exists k £ T such that 

u := W(t_ {l ^ g j)+1) ) £ CSg t (I s , T ). 

Let a be the geodesic on H determined by u. The first Z(Bs,t) + 1 intersections of 
a' ([0,oo)) and CS are given by 

W(t- W m SJ )+i))> fcr /(^; ( B„)), • ■ • . fcr/(i_ 2 ),fo/(*-i) 

(in this order). Proposition 4.166 implies that at least one of these is in CS re d(Bs. T ). 
Note that none of these elements equals kv. Hence there was a previous point of 
intersection of n and CS re d(B§,T)- □ 

Recall from Remark 4.101 that NIC denotes the set of geodesies on Y with at 
least one endpoint contained in 7r(bd). 

Corollary 4.168. Let /1 be a measure on the space of geodesies on Y . The sets 
CS ret ;(Bg T) an d CS st:I . e£ j(Bs T) are cross sections w. r. t. /1 if and only if NIC is a 
fi-null set. Moreover, CS s t,red(Bs.T) is the maximal strong cross section contained 
in CS red (B§ iT ). 

Proof. Let v £ CSg t (B§ ; T) and suppose that 7 is the geodesic determined by 
v. Since 7(E) nCS C CS st , each intersection of 7 and CS re d(B§i") is an intersection 
of 7 and CS 8 t,red(Bs,x)' Then Proposition 4.167 implies that each geodesic on Y 
which intersects CS infinitely often in future and past also intersects CS s t, r cd(Bs i T) 
infinitely often in future and past. Because 

CS st , rod (Bs,t) C CS ro d (B§,t) C CS, 

Theorem 4.144 shows that CS re d(Bs,T) and CS s t. r cd(Bs i T) are cross section w. r. t. fx 
if and only if /i(NIC) = 0. 

Moreover, each geodesic on Y which does not intersect CS infinitely often in 
future or past cannot intersect CS re d(Bs,T) or CS s t, re d(Bg,T) infinitely often in future 
or past. This and the previous observation imply that CS s t, r od(®s,T) is indeed the 
maximal strong cross section contained in CS ro d(Bs.T)- D 

4.8.2. Reduced coding sequences and arithmetic symbolic dynamics. 

Analogous to the labeling of CS in Section 4.7.2 we define a labeling of CS rc d(Bs.T)- 
Let v £ CS red (Bs i T) and let 7 denote the geodesic on H determined by v. 
Suppose first that 7((0, 00)) nCS re d(Bs iT ) 7^ 0. Proposition 4.167 implies that there 
is a next point of intersection of 7 and CS rc d(Bs,T) and that this is on <?CS'. cd (£>) 
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for a (uniquely determined) pair (B,g) £ Bs.t x T. We endow v with the label 
{B,g). 

Suppose now that 7((0, oo)) D CS re d(Bs,T) = 0- Then there is no next point of 
intersection of 7 and CS re d(Bs.Tr)- We label v by e. 

Let v £ CS rc d(Bs,T) and let v := (^| CS ' (jg ST )) (w). The label of u and of 
each element in 7r _1 (u) is defined to be the label of v. 

Suppose that S rc d denotes the set of labels of CS re d(Bs,T)- 

Remark 4.169. Recall from Corollary 4.148 that £ is finite. Then Proposi- 
tion 4.167 implies that also £ rc d is finite. Moreover, Remark 4.138 shows that 
the elements of S can be effectively determined. From Proposition 4.167 then 
follows that also the elements of £ re d can be effectively determined. 

The following definition is analogous to the corresponding definitions in Sec- 
tion 4.7.2. 

Definition 4.170. Let v £ CS rcd (Bs,T) and suppose that 7 is the geodesic on 
H determined by v. Propositions 4.166 and 4.167 imply that there is a unique 
sequence {t n ) n £j hi K which satisfies the following properties: 

(i) J = Z n (a, b) for some interval (a, b) with a, b £ Z U {±00} and £ (a, b), 

(ii) the sequence (t n )ne7 is increasing, 
(hi) h = 0, 

(iv) for each n £ J we have 7'(i n ) € CS re d(Bs,T) and 

7'((Wn+i))nCS rod (B s . T ) = and 7'((i„_i, t n )) n CS red (i S)T ) = 
where we set if, := 00 if 6 < 00 and t := —00 if a > —00. 
The sequence (t n ) ne j is said to be the sequence of intersection times of v with 
respect to CS re d(B§,T)- 

Let « S CS r od(Bs.T) and set v '■= ( 7r| cs / (i ST )J (^)- Then the sequence of 
intersection times w. r. t. CS re( j(Bs,T) o/u and 0/ each w £ tt - 1 is defined to be 
the sequence of intersection times of v w.r.t. CS rc d(Bs i T). 

For each s £ E re d set 

CS re d,s (Bs,t) : = {v £ CS re d(Bs j T) | v is labeled with s} 
and 

CS re d, s (Bs,t) == TT-^CSred^T)) ~ {v £ CS rcd (Bs, T ) I v is labeled with s}. 

Let v £ CS rc d(Bs.T) and let (t n ) n eJ be the sequence of intersection times of v 
w.r.t. CS re d(Bs,Tr)- Suppose that 7 is the geodesic on Y determined by v. The 
reduced coding sequence of v is the sequence (a ra )„ e j in E re( j defined by 

a„:=s if and only if i'(t n ) £ CS rcd ^(B SjT ) 

for each n £ J. 

Let w £ CS 10 d (Bs.t)- The reduced coding sequence of w is defined to be the 
reduced coding sequence of n(w). 

Let Ared denote the set of reduced coding sequences and let A rc d,<r be the 
subset of A re d consisting of the reduced coding sequences {a, n )n£(a,b)nz with a, b £ 
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Z U {±00} for which b > 2. Further, let A s t, r ed denote the set of two-sided infinite 
reduced coding sequences. Let E^ d be the set of all finite and one- or two-sided 
infinite sequences in E red . Finally, let Seq red : CS rc d(Bs,Tr) — ^ A ro d be the map which 
assigns to v G CS rc d(Bs,T) the reduced coding sequence of v. 

The proofs of Propositions 4.171, 4.172 and 4.173 are analogous to those of the 
corresponding statements in Section 4.7.2. 

Proposition 4.171. Let v G CS' red (Bs.T)- Suppose that (t n ) ra eJ * s the sequence 
of intersection times of v and that (a„)„ e j is the reduced coding sequence of v. 
Let 7 be the geodesic on H determined by v. Suppose that J = Z PI (a, b) with 
a, be ZU {±00}. 

(i) If b = 00, then a n G E re rf\{e} for each n G J. 

(ii) If b < 00, then a n G S re( ;\{e} for each n G (a, b — 2] n Z and a^-i = e. 

(iii) Suppose that a n = (B„, h n ) for n G (a, b — 1) n Z and set 

h ifb>2, 
g n h n+ i for n G [0, 6 - 2) n Z, 

:=id, 

9-nhZl 



9o 

9n+l 

9-1 

9-{n+l) 



forne [l,-(o + l))nZ. 



Then 7'(t„ + i) G <?„ CS' red (B„) /or eac/i n G (a, 6 — 1) fl Z. 

Proposition 4.172. Let v,w £ CS' st red (Bs,T)- If the reduced coding sequences of 
v and w are equal, then v = w. 

Proposition 4.173. (i) The left shift a: S"^ — > EJ^ induces a partially defined 



map a : A red — > A red resp. a map a : A rf ,^ G 
and a restricts to a map A st . re d — ► A st ^ re d- 



A red . Moreover, A stred C A red a 



(ii) The map Seq red lc§ st reti (B s T ) : CS stjred (Bs iT ) A stired is bijective. 



(iii) LetCod red := f Seq red | g§^ ^ 
s,t) »" CS re d(Bg i x) 



s,t) 



CS re d 

Ared 



TTien £/ie diagrams 

CS st,red(Bs,T) 

Cod, 



CS stjre( j(Bs,T) 
Cod relJ 



A 



red 



A 



st. red " 



A 



stored 



commute and (A stire£ j, ct) is a symbolic dynamics for the geodesic flow on Y . 

We will now show that the reduced coding sequence of v G CS re d(Bs,T) can be 
completely constructed from the knowledge of the pair t(v). 

Definition 4.174. Let BgBgj. Define 

E red (B) := {s G E red I 3v G CSj. cd (S) : u is labeled with s} 

and for s G E re d(B) set 

D. (B) := / rcd (B) n . 9 / rod (B') if s = (B', .0) 

and 

£> e (B) :=/ rod (B)\|J{D s (B) I sG E red (B)\{ £ }}. 
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Example 4.175. Recall the Example 4.142. Suppose first that the shift map is 
Ti. Then we have 



£ re d(#l) = { £ > (#1,05 

S rc d(S 2 ) = {e, (B 2 ,gi 

£ re d(B 3 ) = {e, (£i,g 5 

£ r cd(B 4 ) = {e, (B 5 ,g 2 

£ r cd(B 5 ) = {e, (B 6 ,g 4 

Srcd(^ 6 ) = {e, (B 3 , ff3 



), (B 4 ,3 4 ), (Be, 54), (B 5 ,34), (B 3 ,g 4 )}, 
), (£4,51), (Be, Si), (£5,31), (6 3 ,gi)}, 
), (B 2 ,36), (B 4 ,3e), (B 6 ,3 6 ), (B 5 ,3e), (B 3 ,5 6 )}, 
),(ft,3 2 )}, 
), (^5,34), (B 3 ,5 4 )}, 
)}• 



Hence 



and 
D (B 2 ,gi 

and 



(ft 



[Be, 36 

i?s(B 3 



and 



(85,32) 
and 



(ft 



D £ {B l 



(04,34 



'_7_ 11] r> 

.10' 15 J' ^(s 3lff4 



(A A] £),_ 
V20' 25 J ' ^(r. 



'7 8] 
,5 ' 5J 



D {B-2,g e 

D,~ 

(85,36 



{1}, 



(I A] 

\5' 10J ' 



D ( ~ 

(83,32 



(I'll)]' D |r 



85.34 



(Bi) = (-00,. 



(ft) 
(ft) 

(ft) 
(ft) 



B 



. 10 ' 15 J 

A I) 

.25' 5/' 



= (!-§]' 



'8 9] 
,5 ' 5J 



3 21 
5; 



( ~ 

\ 10 ' 

(B5) = (10, 15]: 



I Be, 34 



3 7_] 

5 ' 10J ' 



Bi) 

^(ft)={f}, 



Di 



B-2 



I, Be, 31 

^(ft)={|}' 



A Al 

15 ' 20 J ' 



^84,30 

(83, 36 



ft) 

ft) 



'6 71 
,5' 5J ' 

;f'°°)' 



^(ft) = {§}, 



(83,3 



)(ft) 



11 4\ 
.15' 5/' 



and 
D 



(83,33) = (!'§)> 



^(ft) = {f}- 



Suppose now that the shift map is Tj. Then S re d(B2), £ re d(B 4 ), S r ed(Bs) and 
^red(Be) are as for TV The sets [B 2 ) , £>* (B 4 ) , (B5) and D*(S 6 ) remain 
unchanged as well. We have 

S rc d(B_!) = {e, (B_i,flr), (ft, 37), (ft, 37), (ft, 37), (ft, 37)} 
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and 

S re d(<6 3 ) = { e > (jB-1,54), (-82,32), (#4,5e), (#6,56), (#5, 56 ) , (^3,56)}- 

Therefore 



and 



D (iL-) (»») = (t' 1 )' = 



'8 91 n. /'R.A - /9 



^(£3) ={!}■ 

The next corollary follows immediately from Proposition 4.167. 

Corollary 4.176. Let B G Bs,T< TVien I re d{B) decomposes into the disjoint union 
U{D S (B) | s G S re d(S)}- iei u G CS' red (B) and suppose that 7 is the geodesic on 
H determined by v. Then v is labeled with s if and only 1/7(00) belongs to D S (B). 

Our next goal is to find a discrete dynamical system on the geodesic boundary 
of H which is conjugate to (CS rc d(Bs,T), R)- To that end we set 

DS := |J I Icd (B) x J(B). 



For B G B^t and s G S re d(S) we set 

D S (B) :=D S (B) x J(B). 
We define the partial map F : DS —> DS by 

if s = (B', 5) G Srcd(S) and B G B S , T . 
Recall the map 

r . r CS rod (B s , T ) -> d g Hxd g H 

I " i-» (7«(oo)i7«(-oo)) 

where w := (tt| CS / (g ST )) 0^0 ano - T» ^ s geodesic on determined by i>. 
Proposition 4.177. The set DS is </ie disjoint union 

= U {^(^) J ^%t, « G } . 

If (x, y) G DS, then there is a unique element v G CS' red (Bs i T) such that 

(7„(oo),7„(-oo)) = 
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If and only if (x, y) G D S {B), the element v is labeled with s. Moreover, the partial 
map F is well-defined and the discrete dynamical system (DS, F) is conjugate to 
(CS re£ i(Bs,T), R) via t. 

Proof. The sets I red (B) x J(B), B G V>§j, are pairwise disjoint by construc- 
tion. Corollary 4.176 states that for each B G Bs,t the set I rc d(B) is the disjoint 
union \J{D S {B) | s G £ ro d(#)}- Therefore, the sets D S (B), B G B SjT , s G T, led (B), 
are pairwise disjoint and 

DS = U | & G B S , T , s G S red (B) } . 

This implies that i 7, is well-defined. Let (x,y) G DS. By Lemma 4.165 there is a 
unique S G B§.t and a unique v G CS rod (£>) such that (7^(00), 7^ (—00)) = (x, y). 
Corollary 4.176 shows that v is labeled with s G S rc d if and only if 7^(00) G 
D S (B), hence if (x, y) G D S (B). It remains to show that (DS,F) is conjugate to 
(CS re d(®s,T), R) by t. Lemma 4.165 shows that r is a bijection between CS re d(Bs,T) 
and DS. Let v G CS rc d and v := (tt| C s' (g s T )) (^)- Suppose that B G B§.t is the 

(unique) shifted cell in SH such that v G CS rod (23), and let (sj).je(a,0)nz De the 
reduced coding sequence of w. Recall that s is the label of v and u. Corollary 4.176 
shows that 7^(00) G D So (B). The map R is defined for v if and only if sq 7^ e. In 
precisely this case, F is defined for r(u). 

Suppose that sq ^ e, say sq = (B',g). Then the next intersection of j v 
and CSrcd (Bs,t) is on g CS rcd (£?'), say it is w. Then R(v) = ir(w) =: w and 
Coles' (1st)) ^ = 9 lyj - -^ ct '7 ' 3C tne geodesic on determined by g~ l w. We 
have to show that F(t(v)) = (77(00), 77(— 00)) . To that end note that 377(E) = 7„(R) 
and hence (77(00), n{— 00)) = (<7 _1 7u(oo), <7 _1 7d(— 00)). Since t(v) G D S(i (B), the 
definition of i* 1 shows that 

F(r(u)) = F((7 u (oo),7„(-oo))) = (5 _1 7«(°°), g _1 7„(-oo)) = (77(00), i](-oo)) . 

Thus, (DS, F) is conjugate to (CS rod (Bs, T ), R) by r. □ 

The following corollary proves that we can reconstruct the future part of the 
reduced coding sequence of v G CS ro d(Bs,T) from t(v). 

Corollary 4.178. Let v G CS re d(B§ j) and suppose that (sj)j e j is the reduced 
coding sequence of v. Then 

Sj = s if and only if F J (r(v)^j G D s (B} for some B G B§ t T 

for each j G JflNo- For j £ Nq\ J , the map F 3 is not defined for t(v). 

The next proposition shows that we can also reconstruct the past part of the 
reduced coding sequence of v G CS ro d(B§ : T) from t(v). Its proof is constructive. 

Proposition 4.179. (i) The elements of 

[g-'D^jB') j B' G Bs lT , (B,g) G £ red (S') } 
are pairwise disjoint. 
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(ii) Let v G CSr- e d(Bs ! T) and suppose that {dj)jeJ * s t ae reduced coding sequence 
of v. Then — 1 G J if and only if 

t(v) G (J [g- x b {Bg) {B') | B' G Bs, Tl (B,g) G E red (6') } . 

In this case, 

o-i = .g) i/ anrf on/y z/ r(v) G g~ 1 D ( g g) [B') 

for some B' G B§ : t and (B,g) G S re d(S'). 
Proof. We will prove (ii), which directly implies (i). To that end set 

v := (^cs; od (S s , T )) («) 
and suppose that (tj)j^j is the sequence of intersection times of v with respect to 

CS re d (B§,t)- 

Suppose first that v G CS' rcd (B) and that — 1 G J. Then there exists a (unique) 
pair (B',g) G B§,t X T such that T« l) G 9~ X CSj. ed (B'). Since the unit tangent 
vector 7^,(io) = u is contained in CSj. od (i3), the element "f' v (t-i) is labeled with 
{B,g). Hence (B,g) G £ rcd (£0- Then 

r(3) - (7„(oo),7„(-oo)) G (s" 1 ^^') x n (ired(B) x J(£)) 

= (3"^red(B') n 7 red (B)) x (.g- 1 J(S') n J(B)' 

= g^ 1 ((jred(B') ng/ red (B)) x n 5 J(S)^ 

Conversely suppose that r(u) G g^ 1 D ^ g ^(B') for some £>' G Bs,t and some element 
(B,g) G Sred(S'). Consider the geodesic 77 := (77^. Then 

(77(00), 7?(-oo)) =gr(v) G D (Sg) (B'). 

By Proposition 4.177, there is a unique it G CSj. cd (Bs.Tr) such that 
(7 u (oo),7„(-oo)) = (57(00), 7?(-oo)). 

Moreover, u is labeled with (B,g). Let (sk)keK be the sequence of intersection 
times of it w. r. t. CS rc d(Bs.T). Then 1 G K and, by Proposition 4.177, 

r(7r( 7 4(si))) - 7-(ii(7r(«))) = F(r(n(u))) = F( 7 „(oo), 7u (-oc)) 

= {g~ 1 Ju(oo),g~ 1 j u (-oo)) = (7^(00), 7 u (-oo)) = r(u). 

This shows that 7^(si) = gv = gj' v {to). Then 

g'WM € 7U(-oo,0)) n CS rod (Bs, T ). 

Hence, there was a previous point of intersection of j v and CS red (Bs i T) and this 
is g^ 1 -f' u (so). Recall that g~ 1 j' u (so) is labeled with (B,g). This completes the 
proof. □ 
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Let Fbk : DS — > DS be the partial map defined by 

for B' e Bs,t and (B,g) G T, TeA {B'). 

Corollary 4.180. 

(i) The partial map F^k is well-defined. 

(ii) Let v G CS re d(Bs i T) and suppose that (sj)j(zj is the reduced coding sequence 
of v. For each j G J PI (— oo, —1] and each (B,g) G T, re d we have 

8j = (B, g) if and only if f&(r(«)) G g^D^ (B 1 ) 
for some B' G B§.t- For j G Z<o\ J, the map Flu is not defined for t(v). 

We end this section with the statement of the discrete dynamical system which 
is conjugate to the strong reduced cross section CS s t,red(Bs,T)- 
The set of labels of CS s t, r cd(Bs i T) is given by 

Est, red : = S rc( j\{e}. 

For each B G Bg,T set 

^st^red 

Recall the set bd from Section 4.5. For s G £st,red(<S) set 
D st>s (B) :=D s (S)\bd 



and 



Further let 



D sttS (B) :=D stiS (B) x (j(B)\bd). 
DS st := (J (7 ra d(B)\bd) x (J(6)\bd) 



and define the map F st : DS s t — > DS s t by 

if s = (B 1 , g) G E s t iro d(£>) and B G Bs,T- The map F s t is the "restriction" of F to the 
strong reduced cross section CS s t,red(Bs,n*)- In particular, the following proposition 
is the "reduced" analogon of Proposition 4.177. 

Proposition 4.181. 

(i) The set DS s t is the disjoint union 

DS st = |J {5 st , s (B) | B G B S , T , S G ^ st .red{B) } . 

If (x,y) G DS s t, then there is a unique element v G CS st re d(B§,ir) such that 

(7„(oo), 7u(— oo)) = (x,y). If and only if (x,y) G D st , s (B), the element v is 
labeled with s. 

(ii) The map F st is well-defined and the discrete dynamical system (DS s t, F st ) is 
conjugate to (CS s t, r ed{^s,T), R) viar. 
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4.8.3. Generating function for the future part. Suppose that the sets 
(B), B <E Ms j, are pairwise disjoint. Set 

DS:= |J 7 red (B) 

and consider the partial map F : DS — > DS given by 

F\d s (&) x := 9 x 
if s = (B',g) G S red (B) and B G B S , T . 

Proposition 4.182. 

(i) The set DS is the disjoint union 

DS = (J {d»(b) J Be ls, Tl s g Z red (B) } . 

If x € DS, iften i/iere is fa non-unique) v G CS' red (Bs i T) swc/i i/iai 7^(00) = x. 
Suppose that v G CS' red (B§.T) wii/i 7„(oo) = x and let (a n ) ne j be the reduced 
coding sequence of v. Then oq = s if and only if x G D S (B) for some B £ Ms,t- 

(ii) T/ie partial map F is well-defined. 

Proof. Suppose that 61,62 S B§ ;T andsi G S red (Si), s 2 G S rcd (S 2 ) such that 
^ Sl (6i)n^ S2 (6 2 ) £ 0. Pick x G n£> aa (B 3 ). Then Z G 7 red (Bi) H / red (S 2 ), 

which implies that B\ = S 2 . Now Corollary 4.176 yields that s± = s 2 . Therefore 
the union in (i) is disjoint and hence F is well-defined. Corollary 4.176 shows that 
the union equals DS. 

Let (x,y) G DS. Then (x,y) £ D S (B) if and only if a; £ D S (B). Proposi- 
tion 4.177 implies the remaining statements of (i). □ 

Proposition 4.182 shows that 

(F, (DS s (B))g e g sT)SeSred( g^ 

is like a generating function for the future part of the symbolic dynamics (A rod , a). 
In comparison with a real generating function, the map i : A rcd — > DS is missing. 
Indeed, if there are strip precells in H, then there is no unique choice for the map i. 
To overcome this problem, we restrict ourselves to the strong reduced cross section 

CS st ,re d (B§,T)- 

Proposition 4.183. Letv,w G CS' st ^(Bg^)- Suppose that (a n ) n & is the reduced 
coding sequence of v and (b n ) ne % that ofw. If (a n ) ne f$ = (6 n )neN , then 7^(00) = 
7™ (00). 

Proof. The proof of Proposition 4.157 shows the corresponding statement for 
geometric coding sequences. The proof of the present statement is analogous. □ 

We set 

DS st := |J 7 red (B)\bd 
and define the map F st : DS st — > DS st by 

F ^\ Dati3 (B) x : =g~ lx 
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if s = (B',g) £ £ st , red OB) and B £ Bs,t- Further define i: A st , re d -> DS st by 

«((a n )„ e z) := 7u(°°), 

where t> £ CS 8t re( j(®S,T) is the unit tangent vector with reduced coding sequence 
(a n ) n6 N- Proposition 4.172 shows that w is unique, and Proposition 4.183 shows 
that i only depends on (a„) n6 N - Therefore 

is a generating function for the future part of the symbolic dynamics (A s t, r cd, &)■ 

Example 4.184. For the Hecke triangle group G n and its family of shifted cells 
Bs,t = {B} from Example 4.149 we have 1(B) = I re d{B) and S rc d = S. Obviously, 
the associated symbolic dynamics (A, a) has a generating function for the future 
part. Recall the set bd from Section 4.5. Here we have bd = G n oo — Q. Then 

DS=M+ and DS st =R+\Q. 

Since there is only one (shifted) cell in SH, we omit B from the notation in the 
following. We have 

D g = {gO,goo) and D st>g = (gO,goo)\Q for g £ {U*S \ k = 1, . . . ,n - l}. 
The generating function for the future part of (A, a) is F: DS — > DS, 
F\ Dg x := g^x for g £ {U*S \ k = l,...,n-l}.. 

For the symbolic dynamics (A st ,er) arising from the strong cross section CS s t the 
generating function for the future part is F st : DS s t — > DS s t, 

^st|D 8tlfl a; := 9~ l x for g £ {U^S \ k = 1, . . . , n - l}. 

Example 4.185. Recall Example 4.164. If the shift map is Ta, then the sets I re d(-) 
are pairwise disjoint and hence there is a generating function for the future part 
of the symbolic dynamics. In contrast, if the shift map is Ti, the sets ired(") & re 
not disjoint. Suppose that 7 is a geodesic on H such that 7(00) = \. Then 7 
intersects CS rcd (Bs,Ti) m , say, v. Example 4.175 shows that one cannot decide 
whether v £ CS' (Be) and hence is labeled with (S3, g^j, or whether v £ CS' mi) 
and thus is labeled with (B^g^. This shows that the symbolic dynamics arising 
from the shift map Ti does not have a generating function for the future part. 
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Transfer Operators 



Suppose that (X, /) is a discrete dynamical system, where X is a set and / is 
a self- map of X . Further let ip: X — > C be a function. The transfer operator C of 
(X, /) with potential ip is defined by 



with some space of complex-valued functions on X as domain of definition. 

The main purposes of a transfer operator are to find invariant measures for the 
dynamical system and to provide, by means of Fredholm determinants, a relation 
to the dynamical zeta function of / (see, e.g., [CAM + 08, Section 14], [Rue02], 
[May]). This involves a study of the spectral properties of the transfer operator 
C, for which in turn one needs to investigate several properties of the dynamical 
system {X, /), the potential ip and possible domains of definition for the transfer 
operator. Another purpose which is specific to the case of X being a good orbifold 
of the form T\H is to find a correspondence between certain eigenfunctions of the 
transfer operator arising from a symbolic dynamics and Maass cusp forms for F 
(cf. Chapter 6 below and [MP]) . All these questions we will leave for future work 
and we will define our transfer operators on a very general space, namely the set 
of all complex-valued functions on X. Further, we will only consider potentials of 
the type 



where (3 G C. 

Let r be a geometrically finite subgroup of PSL(2, K) of which oo is a cuspidal 
point and which satisfies (A2). Suppose that the set of relevant isometric spheres 
is non-empty. Fix a basal family A of precells in H and let B be the family of cells 
in H assigned to A. Let S be a set of choices associated to A and suppose that B§ 
is the family of cells in SH associated to A and S. Let T be a shift map for B§ and 
let B§ : t denote the family of cells in SH associated to A, S and T. 

We restrict ourselves to the strong reduced cross section CS s t,redO%,T)- Recall 
the discrete dynamical system (DSstji^t) from Section 4.8.2 as well as the set 
Sst.red, its subsets £ s t,red(S) and the sets D s t, s {B). The local inverses of F st are 



i>(v) 



01og|/'(j/)|, 




for s G £ st ,rcd(£), B G B SiT 



To abbreviate, we set 



E B.s ■ l<:(J^AB)) 



for S G S st ,red(S), B G Bs, T 
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For two sets M,N let Fct(M, N) denote the set of functions from M to N. 
Then the transfer operator with parameter /3 G C 

C fj : Fct(5 rt ,C)->Pct(5 rt ,C) 

associated to F st is given by (see [CAM+08, Section 9.2]) 

(£ptp)(x,y) := E I det (^k^ x,y ^\ 0Lp ^B,s( x ^y))^E s s ( x,y ^ 

8GBs, T seE 3t , rod (e) 

where \e- 1S t ne characteristic function of Eg g . Note that the set Eg s , the do- 
main of definition of Fg s , in general is not open. A priori, it is not even clear 
whether Eg s is dense in itself. To avoid any problems with well-definedness, the 
derivative of Fg shall be defined as the restriction to Eg of the derivative of 
Fg: F(D S ) — > D s , (x,y) i— > (gx,gy). Moreover, the maps Fg g and F~ are ex- 
tended arbitrarily on D st \ Eg . 

Let /3 G C and consider the map 



T2,/3 : 

where 



rxFct(Z? st ,C) -> Fct(D st ,i 



T2,fs(g 1 )<f(x,y) ■= \9'{x)\ p \g\y)\ p tp{gx,gy). 

Since 

^(h- 1 )^- 1 )^) = \h'(x)f\h'(y)fr 2 ,p(g- 1 Mhx,hy) 

= \h'(x)f\h'(y)f\g'(hx)f\g'(hy)f i p(ghx,ghy) 
= \(ghy(x)f\(gh)'(y)\f 3 <p(ghx > ghy) 
= T 2 ^((gh)~ 1 )(p{x,y) 

and 

the map T2,^j is an action of T on Fct(D st , C). For s = (£>', g) G £ s t,red(B), B G Bg,T 
and G -^g s we have 

| det {F'g a {x,y))f = \g'{x)f\g'{y)f. 
Therefore, the transfer operator becomes 

8GB s ,t (B', ff )eS at ,rcd(B) 

Suppose now that the sets I lc d(B), B G Bg^, are pairwise disjoint so that the map 
F s t from Section 4.8.3 is a generating function for the future part of (A s t, rc d, cr). Its 
local inverses are 

p~ -( Ft \ ,X\ J M D *>($) ^m(b) 

for s = (B',g) G Ert I red(B) I B G Bs, T . If we set 

Eg :=F at (D sttS (B)), 
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then the transfer operator with parameter /? associated to F s t is the map 
£p: Fct(DS st ,C) ->Fct(DS st ,C) 

given by 

BGB SiT seS 3tirod (B) 

As above we see that the map 

t . f rx Fct(DS Bt ,C) -)■ Fct(DS st ,C) 

with 

Tpig' 1 )^) = \gf (x)\ p ip{gx) 

is a left action of V on Fct(DS st ,C). Then 

£ /3^ = E E XBg,^,,,^^- 1 )^ 

Bels.i- (B',9)eS Bt , r ed(B) 

Note that for 5 = (* J}) we have </(x) = (ex + d)~ 2 . Hence, the expression for Cp 
has a very simple structure. It seems reasonable to expect that this fact and the 
similarity of Tp with principal scries representation will allow and simplify a unified 
investigation of properties of Cp. 

Example 5.1. Recall from Example 4.184 the symbolic dynamics (A st ,er) which 
we constructed for the Hecke triangle group G n . The generating function for the 
future part of (A st , a) is given by F st : DS st -> DS st , 

F st\D at , g x :=g _1 x for g e {U*S \ k = l,...,n-l}., 

where DS st = R + \<Q> and 

D st , g = ( fl 0, ff oo)\Q. 
As in Example 4.184, we omit the (only) cell B in SH from the notation. Then 

/•m(/W) =DS st 

for each g £ {U%S | fc = 1, . . . ,n — l}. Hence, the transfer operator with parameter 
/? of F st is Cp: Fct(DS st ,C) -> Fct(DS at , C), 

n-l 

fc=i 



CHAPTER 6 



The Modular Surface 



The Hecke triangle group G3 is the modular group PSL(2,Z). Set 

9l := UlS = T 3 =^ Q and g 2 := U 2 3 S = T 3 ST 3 = Q J 

With the basal family A of precells in H, the set S of choices associated to A and 
the shift map T = id as in Example 4.149, we get 

DS st =K+\Q, D st>9l = (l,oo)\Q and D st>52 = (0, 1)\Q. 

Example 4.184 shows that the generating function for the future part of the asso- 
ciated symbolic dynamics (A st , er) is given by F : DS st — > DS st , 

F \D st . sl = 91 1 - x^x-1 

r.1 -1 X 1 

1 st ' 92 y2 -X + l i-1 

This map and the symbolic dynamics are intimately related to the Farey map and 
the slow continued fraction algorithm (see [Ric81]). The transfer operator of F 
with parameter j3 is given by 

^=^((^- 1 1 ))+^((- 1 x?)) ! 

as shown in Example 5.1. The eigenfunctions of Cp for eigenvalue 1 are the solutions 
of the functional equation 

(6.1) f(x) = f(x + l) + (x + l)-^f( 1 ^). 

Note that x + 1 is positive for each x 6 DS s t, hence ((x + 1)~ 2 )^ = (x + 1)~ 2/3 . 
Obviously, this functional equation can analytically be extended to M + by the 
same formula. In [LZ01], Lewis and Zagier showed that the vector space of its 
real-analytic solutions of a certain decay is isomorphic to the vector space of Maass 
cusp forms for PSL(2,Z) with eigenvalue /3(1 — /?). 

Originally, a connection between the geodesic flow on the modular surface 
PSL(2, Z)\H and the functional equation (6.1) was established by the symbolic 
dynamics for this flow in [Ser85]. The generating function for the future part of 
this symbolic dynamics is the Gaufi map. In [May91], Mayer investigated the 
transfer operator of the Gaufi map. The space of its real-analytic eigenfunctions of 
certain decay with eigenvalue ±1 is isomorphic to the subspace of solutions of (6.1) 
which are needed in the Lewis-Zagier correspondence. 

6.1. The normalized symbolic dynamics 

The coding sequences of the symbolic dynamics (A, a) are bi-infinite sequences 
of <?i's and 52's. We call a coding sequence (a„) n6 z € A normalized if a_i = gi 
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and ao = <?2, or vice versa. In other words, (a n ) n gz is reduced if a_i and ao are 
different labels. For the corresponding geodesic 7 this is equivalent to 7(00) > 1 
and —1 < 7(— 00) < 0, or < 7(00) < 1 and j(— 00) < —1. We call geodesies with 
this property normalized. One easily proves the following lemma. 

Lemma 6.1. Each coding sequence in A is shift-equivalent to a normalized one. 
More precisely, for each A G A there exists n £ Nq such that o~ n (\) is normalized. 

Let A n denote the set of normalized coding sequences and CS s t,n the subset 
of CS s t corresponding to A n . Lemma 6.1 implies that CS s t, n is a strong cross 
section. Since there are only the two labels <?i , 52 , we can compactify (loss- free) the 
information contained in normalized coding sequences by counting the numbers of 
successive appearences of gi's and g 2 's and store only these numbers together with 
an ek'inent w in So telling whether a = g\ (then w = 0) or « ( , = g 2 (then w = 1). 
Let A n C N z x Z2 denote these "condensed" coding sequence and let 7a be the 
geodesic corresponding to A € A n . 

For a sequence (Aj)jg$ of matrices in PSL(2,R) and z £ H 9 define 

00 

3=0 

Further, let [ao, ai, 02, . . .] denote the continued fraction 

1 

ao 




"1 



a2 + - 



and set g n := g nnw d 2- 

Lemma 6.2. Let A := ((nj)j e z,w) £ A„. If w = 0, then 

00 

7a(oo) = JJ g™^ ■ 00 = [n , ni,n 2 , ■ ■ 
j=o 

1 



If w = 1, then 



00 



7a(oo) = TT g lj ■ 00 = -, 

jLo [n ,ni,n 2 ,...] 

CXD 

7a(-oo) = JJff7"~ J '°° = ~[ n -i) n -2)---]- 

Proof. The statements are easily proved by induction. □ 

The theory of continued fractions shows that A„ = N z x Z 2 ■ Define the twisted 
shift map a n : A„ — > A n by 

o- n ((on)nez,w) ■= (o-((a n ) ne z),w + l). 

Note that DS st = M + \Q x E~\Q. Let i n : A„ -> DS st be given by 

4(A) := (7a(oo),7a(-oo)). 
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Further set F st , n ■ DS st -> DS st 

^st,n(a;,y) := 
Then the diagram 



g 1 n x, g 1 n y) for n < x < n + 1, n e N 
ffa n x, (? 2 - n y) for ^ < i < 1, n 6 N. 

... — 



Cod 

A 



Cod 



DS st DS st 
commutes (and all horizontal maps are bijections). 

6.2. The work of Series 

We now show the relation of the symbolic dynamics and the cross section from 
Section 6.1 to those in [Ser85]. For simplicity, we restrict Series' work to geodesies 
that do not vanish into the cusp in cither direction. This means that we restrict 
her symbolic dynamics to bi-infinite coding sequences and her cross section to the 
maximal strong cross section contained in it. Then her cross section is also CS s t,« 
and the symbolic dynamics is identical to (A„, a n ), but she gives the "interpretation 
map" i s : A„ -> R X E, 




[n_i,n_2,...J 
1 



if w = 
if w = 1. 



If g: DSst 



then 



g(x 1 ,x 2 ) := 



is given by 

(xi,x 2 ) 



if x\ > 1 



S-(x u x 2 ) = (-±,-±) ifO<x 1 <l, 



The relation between i n and is can also be seen on the level of the construction of 
the coding sequences. Let 

CSo := tt- 1 ( Cod (A„ n (N z x {0}))) 

and 

CS; :=7r _1 (Cod (A„n(N z x {1}))). 

Our coding sequences, the discrete dynamical system (i^n, DS s t) and the map i n 
are constructed with respect to the set of representatives 

cSgt n •— 7r (cSgt^) n cs = cSq n cs-^ 

for CS s t, n . Recall that CS' equals the set of unit tangent vectors based on the 
imaginary axis and pointing into {z G H | Rez > 0}. Series uses the same method 
but CSq US' ■ CS'j as set of representatives. 
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